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ABSTRACT
The strength of precipitousness, presaturatedness and saturatedness of
NS, and NS is studied. In particular, it is shown that:
(1) The exact strength of “NSﬁ + for a regular p > max(A,R1)” is a
(w, p)-repeat point.
(2) The exact strength of “NS, is presaturated over inaccessible k" is
an up-repeat point.
(3) “NSk is saturated over inaccessible «” implies an inner model with
Jao(a) = att.

Introduction

The

over x) and NS} (the nonstationary ideal over & restricted to the cofinality A)

strength of the following basic hypothesis on NS, (the nonstationary ideal

will be studied:

1.
2.

3.

1. PRECIPITOUSNESS.

“NS::Z precipitous” is equiconsistent with a measurable and “NSy,’

Precipitousness (i.e., the generic ultrapower is well founded).

Presaturatedness (i.e., precipitousness + all the cardinals except perhaps &

itself are preserved in the forcing extension by NS,).

Saturatedness (i.e., the forcing with NS, satisfies k*-c.c.).

i

sistent with a measurable of order 2.
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By Jech-Magidor-Mitchell-Prikry, “NSy, precipitous”
or “NSZ; precipitous for regular £ is equiconsistent with a measurable. By [G2],

is equicon-
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Models with NS, precipitous for £ > R, were constructed in [G3] and [F-M-S§]
from strong assumptions. T. Jech [J2] gives a lower bound on the strength of
“NS, precipitous”.
For X C « denote by NS, |X the nonstationary ideal restricted to X, i.e. the
set of all A C k such that AN X is nonstationary. The following will be proved
here:
(a) The strength of “NS} or NS, |(Singular cardinals) is precipitous for an
inaccessible k, A < ” is at least an (w, < k)-repeat point.

(b) The strength of NSX° precipitous, £ = u**, cf p = w + GCH is at least an
(w, < p)-repeat point.

(c) The exact strength of “(NS} or NS, | {a < & | ¢f & < u} is precipitous)
+k = pt for a regular 4 > max(\, ®;) + GCH” is an (w, p)-repeat point.

(d) The existence of an (w, k* +1)-repeat point is sufficient for “NS, precipitous
+k is an inaccessible + GCH”.

(e) The existence of an (w, t + 1)-repeat point is sufficient for “NS, is precipi-

tous +x = ut + GCH”.

2. AND 3. PRESATURATEDNESS, SATURATEDNESS. By S. Shelah [S], NS},
cannot be presaturated for A < k. Models with NSy, saturated were constructed
by J. Steel and R. Van Wesep [S-V], H. Woodin [W] using AD and M. Foreman,
M. Magidor and S. Shelah [F-M-§] from a supercompact cardinal. By W. Mitchell
[Mi2], presaturatedness of NS+ implies an inner model with 3k O(k) = k**. For
inaccessible «, T. Jech and H. Woodin [J-W] showed that NS, [(regular cardinals)
can be saturated from one measurable and by [G3] NS.[S can be saturated for
a set S stationary in every cofinality < k, from O(k) = . It will be shown here
that
(a) The exact strength of “NS} presaturated for A < & over inaccessible " is
an up-repeat point.
(b) The exact strength of “NS, presaturated over inaccessible £” is an up-
repeat point.
(¢) “NS, is saturated for inaccessible x” implies an inner model with 3k O(k) =
k1t
The paper is organized as follows. In Section 1 various notions of repeat
points are introduced. Using the Core model techniques, lower bounds on the
strength of the existence of the ideals are found in Section 2. Precipitous ideals are
constructed in Section 3 and the presaturated ideals in Section 4. The situation
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over a measurable cardinal is studied in Section 5. A knowledge of Mitchell’s
Covering Lemma [Mi3,4] is required for Section 2. Sections 3 and 4 can be read
independently of Section 2, but we assume there a familiarity with forcings of
[G2,3,4]. For most notation and basic definitions we refer to T. Jech [J1] and A.
Kanamori and M. Magidor [K-M].

ACKNOWLEDGEMENT: We would like to thank W. Mitchell for his explanations
on the Core model. We are grateful to M. Magidor for many valuable discussions
concerning the problems considered in this paper. Special thanks are due to
the referee of the paper for supplying a long and detailed list of remarks and

corrections.

1. Repeat points

The notion of repeat point was originally introduced by Radin [R] in order to
preserve the measurability under the Radin forcing. The existence of his repeat
point required a P3(x)-measurable cardinal. Mitchell [Mil] used a weaker notion
which does not require even O(k) = k**. Let us define some intermediate repeat
points which will be used in Sections 2, 3 and 4.

Let F be a coherent sequence of ultrafilters of the length 7.

Definition 1.1: Let  be a cardinal < ¢% and ,6 < Of(n), 6>0.
(1) (Mitchell [Mil]) « is a weak repeat point for F at  if for each set A in
F(k,a) there is 8 < a such that 4 € F(x, ).
(2) ais a é-repeat point if for each set A in ({F(k,7): @ < < a+ 6} there
is B < a such that A € N{F(k,7): B<v< B+6}.
(3) ais a < §-repeat point if « is a §'-repeat point for every § < 6.
(4) a is an up-repeat point if for each set A in F(k,a) there is 8 > a such
that A € F(k, 8).
We will be interested in é-repeat points for relatively small §’s like § = wy,
6 =kt, 6 = kT +1 etc. These §’s can be represented by the same function in all
the ultrapowers of K(F) with F(k,~v) for v < o* (k). Let us call ordinals with
this property uniformly representable.

LEMMA 1.2: Suppose that o is a £-repeat point. Then, for every uniformly
representable n < £, a is an n-repeat point.

Proof:  Suppose that n < £. Let g be a function which uniformly represents 7.
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Let A € N{F(k,7) | @ <4 < a+n}. Consider a set B = {§ < x| there is §* <
OF (8) such that 6* + g(§) < OF (6) and A6 € N{F(6,7)| 6* <~ < 6" +g(6)}}.

The set B belongs to every measure F(k, p) with p > a + 7. Hence there is
B < a such that

AUBen{F(k7)|B<v<B+E}.

If A€ N{F(x,7)| B <7y < B+ ¢}, then we are done. Otherwise for 3, § <
B < B+¢& B € F(k,[G). But then there is 3* < 3 so that 8* + 7 < 3 and
AeN{F(k| B <y < B +n}. ]

In particular, if « is an n-repeat point then « is a weak repeat point.
The proof of Lemma 1.2 gives a little more.

LEMMA 1.3: Let a < & be ordinals. Suppose that for every A € F(«,§) there is
B < a such that A € F(k,3). Let n be uniformly representable and a + 1 < §.
Then a is an n-repeat point.

LEMMA 1.4: If o is an up-repeat point then o is a é-repeat point for every
uniformly representable § < a.

Proof: Pick gs: & — & which uniformly represents 6. Suppose that A €
N{F(k,7)| @ < v < a+ &} and for each B < a we have A ¢ ({F(x,7)| B <
v < B+ 6} Define a set B = {r < k| for every { < Of(r) we have
AnT ¢ MUFrIE <7 < E+gs(M}).

Then B € F(k,a). So for some n > a, B € F(k,n). But then, in the
ultrapower with F(x,n), A ¢ N{F(x,7)| @ <y < a + 8§} which is impossible.
Contradiction. 1

Actually, we shall see that the presence of an up-repeat point implies a lot of
repeat points.
The following lemma is clear

LEMMA 1.5: Suppose that 2 = k* and Of(/c) = g*+. Then every sufficiently
large a < k** is an up-repeat point and in fact every sufficiently large a <
k+* has the property that for every set A € F(k,a), A belongs to F(x, ) for
unboundedly many 3’s below x*+.

LEMMA 1.6: Let o be the least up-repeat point. Then « is a limit ordinal and
of a> k',
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Proof: Let us show first that « is a limit ordinal. Suppose otherwise. Let
a=a*+1and B € F(k,a*). Then A = {7 < «] Of(r) = 7* + 1 for some 7*
and BNt € F(r,7*)} is in F(k, ). There exists 8 > a such that A € F(x, 3).
So, B € F(k,8—-1) and 8 —1 > o*. Hence a* is an up-repeat point; which is
impossible.

So a is a limit ordinal. Suppose that ¢f a = X < k*. Pick a cofinal sequence
(c:] i < A) to a. For every i < A let A; € F(k,c;) and A; ¢ F(k, ) for 8> c;.

Let A = {r < k| (a) OF(7) is a limit ordina] of cofinality A, if A < & or of
cofinality 7, if A = « and (b) there exists a cofinal sequence (r; | i < cf o* (1))
to OF (1) so that A; N1 € F(r,7;) for every i < cf Of('r)}. Then A € F(k,a).
Hence, for some 8 > a, A € F(k,(). Then in the ultrapower with F(x, 3),
A; € F(r, ) (i < A) and (| © < A) is cofinal in 8. So for some iy every i > i
is above a. But A; ¢ F(x,v) for v > +; and v; < a. Contradiction. 1

LEMMA 1.7: Suppose that 2= = k*, o is a weak repeat point and there is no
kt-repeat point below . Then either

(1) cf a=«*

or

(2) there is &' < a such that cf &' = x* and a < o/ + .

Proof: Suppose otherwise. Let a* < a be the minimal ordinal such that a* +
kt >aand B+ B < " for every 8 < o* and ' < k*. Pick a cofinal sequence
(Bif © < cf a*) to a*. Let {A,| v < &%) be an almost decreasing generating
family for F(«, ). Since a —a* < k% and F(k,v1) # F(k,v2) for v1 # 73, there
exists 79 < cf o* so that k™ of A,’s belong to measures below 3;,. But then
every A € F(k,a) belongs to some F{x, 3) with 8 < B;,. Hence by Lemma 1.3,
Bi, is k*-repeat point. Contradiction. |

LEMMA 1.8: Let o be an up-repeat point for F at k. Suppose that & < Of'(lc)
is minimal so that a is an up-repeat point for F | (k,&). Then for every S,
a< fB<a,every A€ F(k,[3) there is v < a such that A € F(k,7).

Proof: Suppose otherwise. Then there is 8, a < 8 < &, A € F(k, ) so that
A ¢ F(k,) for every v < a. Let

B = {7 < &| for every 7' < Of(r,) we have ANt ¢ F(r,7')}.

Then B € F(k,a). So there is a* such that § < a* < & and B € F(x,a*).
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Hence, in the ultrapower with F(k,a*), A ¢ F(k, ') for every 7/ < a*, which is
impossible, since A € F(k, ) and 8 < a*. 1

The lemma implies that every 8 with a < 8 < & is a weak repeat point. Let
us show more.

PROPOSITION 1.9: Let a be the least up-repeat point for F at k. Suppose that
a<o” (k) is minimal so that o is an up-repeat point for F | (k,a). Then every
B with a < 8 < & is an up-repeat point for F at k.

Proof: Let a < f< & and B € F(k, ). Set
D= {6 < a| Be F(xé)}

By Lemma. 1.6, D # #. Let us split the proof into two cases:
(1) D is unbounded in «,
(2) D is bounded in a.

CASE 1: D is unbounded in . Then the set A = {r < k| for every 7' < Of(r)
there exists 7/ such that 7 < 7" < Of(r) and BNt € F(r,7")} is in F(k, c).
So there is v > 3+ 1 such that A € F(«,7). Then the following holds in the
ultrapower with F(x,~). For every 7/ < « there is 7" with v > 7" > 7/ such that
B € F(k,7"). Hence there is 7"/ > (3 such that B € F(x,7").

CASE 2: D is bounded in a. Let § = |JD. Let As € F(k,6) be such that
As ¢ F(k,7) for every v > 6. Set A = {7 < k| there exists a maximal § < 0% (1)
st. Asnre F(r,6) and BNt ¢ F(r,7') forevery 7/, § <7 < Of(T)}.

Then A € F(x,a). So for some v > 3, A € F(k,v). There exists a maximal
8 < ~ such that As € F(k,6) and B ¢ F(k, ') for every " with § < 7/ < 7.
But by the choice of As, § = §. On the other hand v > 3 > 6 and B € F(x, 3).
Contradiction. ]

The following follows from the proof of Proposition 1.9.

COROLLARY 1.10: Let o, @& be as in 1.9. Then for every § with a < 3 < &

and for every B € F(k,(3) there are unboundedly many 6’s below « such that
B € F(k,0).

PROPOSITION 1.11: Let a, & be as in 1.9. Define Fy to be a set of all A C k so
that, for some v < o, A € ﬂaZJM F(k,6) and let F| be a set of all A C k so
that, for some v < &, A € [\, cs<5 F(k,6). Then Fo = F1.
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Proof: By Corollary 1.10, Fy C F;. Let us show the opposite direction. Let
A € F;. Suppose A ¢ Fo. Then for every § < a there is § such that § < ¢ < «
and A ¢ F(x,68'). Set B = {7 < & | for every é < Of(T) there is &', § < ¢ <
Of(‘r) st. Ant ¢ F(r,6)}.

Then B € F(x,a). Pick § < & so that A € F(k,~) for every v, § < v < &. For
some §* and § < 6* < &, B € F(k,6*). But then for some §’ with § < §' < 6*,
A ¢ F(k,4'). Contradiction. ]

Note that Fy is a normal filter over k. The property above looks similar to the

Radin repeating measure which is stronger than O(x) = k*+.

PROPOSITION 1.12: Leta < a < Of(n) be ordinals with ¢f a > w. Define Fy,
Fiy as in 1.11. If Fy = F, and there is no up-repeat point below a, then « is an
up-repeat point.

Proof: Suppose otherwise. Let A, € F(x,a) not belong to any F(x, 3) with
B>a Let D={6<a|Ay, € F(k,€)}and § =JD.

Suppose that § < a. Pickfa, set As € F(k,6) and A; ¢ U#>5 F(r,p). Set
E = {r < k| there is § < OF(7) such that (i) As N7 € F(r,8), (ii) 4; N7 ¢
s Fr ), (i) Aa 07 ¢ Uyo5 F(r )},

Then E € F(k,v) for every v with @ > v > 6. So E € F,. Pick some v > a
s.t. E € F(,7). Then in the ultrapower with F(x,7), § = é but A, € F(k,a)
and o < 7. Contradiction. So § = a. Note that A, can be replaced by any
A € F(k,a). Hence a is a weak repeat point.

The set A* = {7 < & | there exists the largest measure to which A,N7 belongs}
is in 1. Since Fo = Fy, there is vo < aso that A* €, ., F(,7). Then for
every v, Yo < 7 < a there is v* < v s.t. A, € F(k,~7*) and A, does not belong
to any F(x,v') with v* < 4’ < . Define an increasing sequence (v, | 0 < n < w)
of ordinals > vp so that for every n, v, < 7%,;. It is possible since § = a. Let
Yo = Up<y, Y- Then v, < a and A* ¢ F(k,v,,). Contradiction. |

PROPOSITION 1.13: Let o be the least up-repeat point for F at  and let 6 be
uniformly representable. Then the set of 3’s below « such that
(a) B is a é6-repeat point;
(b) every set A € ({F(x,8) |8 < B < B+ 6} belongs to N{F(k,v') | v <
%' < v+ 6} for unboundedly many v’s in f3,

is a club in a.
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Proof:  Suppose otherwise. Let S = {# < a | # does not satisfy (a) or (b)}.
Find stationary S; € S and By < a s.t. for every § € S; there exists a set in
(WF(k,B) | B< B < [+8} which does not belong to ({F(k,7) | v < <
v + 6} for any v, fo < ¥ < (. Pick a set Ag € F(k, f) which does not belong
to any measure above ). Consider a set B = {p < x | there exists the maximal
po < Oﬁ(p) s.t. Ao N po € F(p,po) and for unboundedly many §’s in Of(p)
there exists a set in [[{F(p, 0’} | B < p < B+ gs(p)} which does not belong to
M{F(p,¥) | v <4 <+ gs(p)} for every v, with 8 < v < B}, where g5 is a
function uniformly representing é. Clearly, B € F(x,a). So B € F(k,a') for
some o' > a. Pick 8, so that @ < § < o and for some A € N{F(x,8) | 8 <
B < B+ 6} does not belong to ({F(k,7y') | v <+ < v+ 6} for every v, with
Bo < v < B. Now, as the proof of Proposition 1.9, we obtain the contradiction.
|

Definition 1.14: Let a,6 be ordinals below O‘f(h'), §>0andlet A < k bea
regular cardinal. Then « is a (A, §)-repeat point if (1) cf o = A, (2) a is a
é-repeat point such that every A € {F(x,a') | @ < &’ < a + §} belongs to
N{F(x, ) | ¥ <+ < v+ 6} for unboundedly many 7's in . a is a (A, < 8)-
repeat point if for every &' < é, o is a (A, 8')-repeat point.

It follows by Lemma 1.6 and Proposition 1.13 that there are unboundedly
many (A, §)-repeat points below the first up-repeat point for any regular A < &
and uniformly representable 8.

LEMMA 1.15: Suppose that \; < A; < x* are regular cardinals, 6 is uniformly
representable and « is a (A2, 1)-repeat point. If there is no up-repeat point, then
there are unboundedly many (), §)-repeat points below a.

Proof: Choose an increasing unbounded in a sequence {a; | ¢ < A2) such that for
every A € F(k,a), for every i < g there is 8 € (o4, i41) 50 that A € F(x, §).
For every i < Ap pick a set A; € F(k,a;) which does not belong to any measure
above a;.

Let 8 = U;cy, @ and 4 € N{F(,5) )| 8 < B < B+ 6} Fixsome ig < Aq.
Consider the set B = {p < & | there exists the maximal po < 0% (p) s.t. A;,,Npe
F(, po); for some v, v0 <7 < Of(p) Ans e N {Flp,7) | v < <v+gs(p)}}
Clearly B € F(k,a). Then for some 7 with a;; < T < 3,41, B € F(x,7). By the
choice of B, then there is v, a;, < ¥ < 7so that A € ({F(x,7) | ¥ < ¥ < 7v+6}.
It means that 8 is a (A, §)-repeat point. 1
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LEMMA 1.16: Suppose there is no up-repeat point. Let A be a regular cardinal,
a be a weak repeat point and (o; | i < A) be an increasing sequence of ordinals
below « so that for every A € F(k,a), everyi < A\, A € | J{F(k,B8) | s < B <
a;41}. Then |, <\ Qilsa (A, 8)-repeat point for every uniformly representable 6.

Use the proof of Lemma 1.15.

2. The lower bounds

Let NSY° denote the ideal of all w-nonstationary subsets of , i.e., all the subsets
X of k so that X N {§ < k| cf § = Ry} is nonstationary.
In this section we are going to prove the following.

THEOREM 2.0: Let «k be a regular cardinal above Ry and NSi" be precipitous.
Then
(1) If k = At for X of cofinality > w and A = A, then there exists an
(w, AT)-repeat point.
(2) If K = AT for X of cofinality w and pu* < X for every u < ), then there
exists an (w, < A)-repeat point.
(3) If s = At for a weakly inaccessible A and u¥ < X for every u < A, then
there exists an (w, \)-repeat point.
(4) If k is a weakly inaccessible and p“ < k for every u < k, then there exists
an (w, < k)-repeat point.
(5) If after the forcing with NS§°, k > ((2¢)*), then there exists an up-repeat
point.
(6) IfNS, is kt-saturated, then (3a O(a) = a*¥).

Note that if k = A% for a singular A, then by [Mi2] 3 O(a) = a** since the
generic ultrapower with NSX° collapses At to A.

Our basic assumption will be that there is no inner model of Ja O(a) = a*+.

Suppose that some regular cardinal « in K(F) changing its cofinality still re-
mains of cardinality above 2%. We will consider elementary submodels N < H “
for some g > & such that “N C N, |N| < |k|, k € N and {J(NNk) = «. By
Mitchell [Mi2-4] there is a function A" € K(F), a sequence of indiscernibles CV
and p < |N|* such that NN H, N K(F) is contained in RN"{(p; CN). Let us refer
to Mitchell’s [Mi4] for basic definitions and facts on such models.

By a submodel we will always mean some N as above. Denote by & the least
ordinal in hV”(x). We will often drop the upper index N when it will be clear
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to which N everything is related.

-

LEMMA 2.1: Suppose that k is a regular cardinal in KC(F) which became singular
in V. Assume that for some ), |k| > 2* and cfx < A*. Suppose that C is a
club of k in a model V) = ZFC + & is regular, a‘C(.’i’_-" } € V1 CV, such that all
the points of C of cofinality v are regular in K(F), for some v < A*. Then there
exists a cofinal in k sequence (7; | i < cf &) so that for alli < cf &
(i) neC,
(it) J(Cnm) =,
(i) cf 7 > At
(iv) for every submodel N with C, (; | i < w) € N there is iy < w such that
all 7;’s (i > ig) are limit indiscernibles for "V (i.e., there are unboundedly
many indiscernibles for &V in |J(N N 7;)).

Remark: As the referee of the paper pointed out, the assumption on C can
be weakened by removing V; and requiring that otp(C N D) = & for every club
D e K(F).

Proof: Let N be a submodel so that C € N and *N C N.
For an ordinal 8 < & set 8 = 8, g+ = | (h"(8™ + 1) N k) and f) =
Un<o B, Define a club Cj, in IC(f' ) as follows:

Ch={a<k|forevery B<a, B“ <a}.

Pick é < k big enough to that there are no indiscernibles for ordinals > & inside

the interval [, k). It is possible since indiscernibles for & are unbounded in x; see
[Mi3, Lemma 6.3].

CLAIM 2.1.1: Let ™ < &k be an indiscernible for K and 7** be the least in-
discernible for £ above it. Then (N N7*)N(Ch — (7* + 1)) = 0 and
(= + 1)) > U(N n7**).

Proof: It is enough to show that (7* + 1)) > |J(N n7**). Let us prove by
induction that for every £ € N, 7* < £ < 7** there is n such that |J (R (£ +1)N
™) < (r* + 1)),

Suppose that this holds for every & < £&. If £ is not indiscernible, then for
some &' < & Ee€ R +1)Nn+*™*. So £ < (v* +1)" for some n < w. Hence
U (R"(€+1)n7**) < (r*+1)"*+1. If € is an indiscernible, then it is an indiscernible
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for some a(€) € h"(€ + 1) where £ < £. But then £ < a(€) < J (B"(¢€' +1)N
7**) < (r* + 1)” for some n. "

Let C’ be the set of limit points of C. Consider C' N Cy. It is a club in V5.
Let 7* be an indiscernible for % so that k > 7* > max (4, (2*)*). Let 7** be the
least indiscernible for & above 7*.

CLamM 2.1.2: CoNC'N(r*,7**] = 0.

Proof:  Suppose otherwise. First note that C' is unbounded in 7**. Since
otherwise [ J(C'N7**) € N and by Claim 2.1.1 (J(NN7**))N(Cr— (7* +1)) = 0.

Let p = J(Cn7** N N) = | J(r** N N). By the proof of Claim 2.1.1, x is a
singular cardinal in IC(]-" ). of w> At > Ng, since *N C N. Recall that all points
of C of some fixed cofinality v < A* are regular in K(F). Then cf p > v, since
p € C and it is singular in X(F). Let C; € K(F) be a club in p consisting of

singular in K(F) ordinals. Then C'NC} contains an element of cofinality v. But
every such element of C' is regular in K(F). Contradiction. |

Hence above max (4, (2*)*) every element of NNCj,NC" is a limit indiscernible
for k.

Let us turn now to the construction of the sequence (7; | i < cf ). We shall
find one 7 satisfying the conditions (i), (ii) and (iii) for N. It will be clear that
it is possible to find such v above any p < .

Let 7 be the least indiscernible for & so that otp(C'NCrN7) > (2*)*. Then by
Claim 2.1.2, 7 is a limit indiscernible for & and 7 € C' N Cy. If of 7 < AT, then
N contains a cofinal in 7 sequence. So there is a sequence {r; |i < cf 7} C N of
indiscernibles for £ unbounded in 7. But then for some iy < cf 7, otp(C’' N Cj, N
Tip) > (2*)*, which contradicts the choice of 7.

Hence cf 7> A+,

Let show now that the sequence (7; | i < ¢f &) which was constructed for N is
good for any other submodel N’ with (r; | i < cf k) € N'.

Pick a submodel N* which contains N, N’, {¥}, {h¥'}. By Mitchell [Mi4],
for some i < ¢f & all 7;'s with ¢ > i are indiscernibles for &V" in N*. It implies
that for some i; < cf & all 7;’s with ¢ > i, are indiscernibles for &' in N'. [ ]

LEMMA 2.2: Suppose that  is a strong limit cardinal singular in V but regular
in IC(f). Suppose that C is a club of k in a model V;, }C(J?) c WV Ccv,
Vi ZFC + & is regular such that all the points of C of some fixed cofinality v
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are regular in K(F). Then there exists a cofinal in k sequence {; | i < cf k) so
that for all i < cf &

(i) neC,
@ yeenn)=m,
(ili) the set {cf 7; | i < cf k} is unbounded in &,
(iv) for every submodel N with C, {(r; | i < cf k) € N there is ig < cf k such
that all ;s (i > ig) are limit indiscernibles for &N .

Proof: Let {); | i < cf &) be a cofinal sequence in «. For every ¢ < cf x use
Lemma 2.1 to pick a sequence (7} | j < cf &) satisfying (i)-(iv) for A = A;. Let
N be a submodel containing all the sequences (7} | j < cf ), ¢ < cf . For every
i let j(i) < cf x be such that ('r;f | 5 > 7(i)) is a sequence of indiscernibles for
&Y and TJ’f(i) > A Set 1 = T;(i) for every i. Clearly (; | i < cf k) satisfies the
conditions (i)-(iii). But (iv) is also satisfied since (7; | i < cf &) is a sequence of
indiscernibles for & in N which is unbounded in . |

LeMMA 2.3: Let x,C be as in Lemma 2.2. Suppose that N is a submodel
containing C, (r; | i < ¢f &) and so that *N C N for some regular A\. Then
C N N contains unboundedly many indiscernibles for &N of cofinality A.

Proof: It follows from Lemmas 2.1 and 2.2, since cf ({J(N N 7;)) > AT and the
indiscernibles for &N form a A-club by (iv) and [Mid4]. |

LeEMMA 2.4: Let k,C be as in Lemmas 2.1 or 2.2. Let A be a regular cardinal
such that |k| > 2*. Then there exists a submodel N so that C N N contains
unboundedly many indiscernibles for &V of every cofinality < A%,

Proof: By Lemma 2.3, it is enough to find indiscernibles of cofinality A*. Pick
the sequence (7; | ¢ < cf k) as in Lemma 2.2. Let N* be a submodel containing
C, {r; | i < ¢f &) and such that *N* C N*. Find a submodel N such that
N D N*U{h"'} and *N C N. Without loss of generality assume that (r; |
i < cf k) is a sequence of indiscernibles for &Y in N and for &V in N*. Set
wi = UN*Nn7) for i <cf k. Ifef p; > A1, then C N p; contains elements
of cofinality At. Assume that for every i < cf s cf p; = A*. It is enough to
show that a final segment of (; | i < cf &) consists of indiscernibles for ¥ in N.
Suppose otherwise. Then for an unbounded set I C cf & all y; (i € I) are not
indiscernibles for &V. By removing an initial segment of I, we can assume then
that p;’s are indiscernibles for ordinals below &N . Pick for every u; some v; < p;
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such that (J (R""”(v;) N ) > p;. For every i € I there exists an indiscernible ¢;
for &N, v; < & < pi, by (iv) of Lemmas 2.1 and 2.2. Now a final segment of
(& | i € I) are still indiscernibles for &V in N, by [Mi4]. But it is impossible
since J (AN (1;) N k) > p; > &. Contradiction.

The following is a standard fact about generic ultrapowers and it will be used
frequently below.

LEMMA 2.4.1: Suppose F is a precipitous filter over k. Let U be a generic
ultrapower extending F and i,: V — M = wlt(V,U) the corresponding generic
ultrapower.

(1) Then k is the critical point of i,,.

(2) If for some §, {a < k|cfa =6} € U, then, in M, cfxk = 6.

THEOREM 2.5*: Suppose GCH. If NS is precipitous for k > Ry and pt < k&,
then there exists a weak repeat point in K(F).

Proof: By Mitchell [Mi2], we can assume that & is an inaccessible or the successor
of aregular cardinal. Consider the set S = {a < o* (k) | some A € (NSE)T forces
that the measure F(, ) is used to move k in the generic ultrapower}, i.e. it is
used first in the ultrapower of K(F).

Let @ = minS. Suppose that o is not a weak repeat point. Then pick a set
A € F(k,a) consisting of regular cardinals in K(F) such that A ¢ F(x,o') for
o/ < a. Consider the set B = {§ < & | § is a regular in K(F) and there is
& < OF(6) so that AN s € F(k,§)}.

Then AU B € (5, F(k,8) and AU B ¢ g, F(x,0). Since a = min§,
AU B contains a u-club. Let C be a club so that its points of cofinality i are in
AU B. Then every 6§ € C of cofinality p will be regular in (F).

Let M be a generic ultrapower defined by a generic embedding using the mea-
sure F(k,a). Then C, A, B € M. By Mitchell [Mi2], FM | (k + 1) = F | (x,a),
and P(k) N K(F) = P(k) N K(FM) where FM is the maximal sequence for the
core model inside M.

Now apply the previous lemmas inside M where V; = K(FM)(C). Pick N to
be as in Lemma 2.4. Assume that AUB € N. Then, by Lemma 2.4, there exists
an indiscernible in C for &V of cofinality p above the support of AU B. But it
implies (see [Mi4]) that AU B € F(«, ) for some 3 < 07" (k) = a, which is

impossible. Contradiction. |

* A version of this theorem was proved jointly with M. Magidor.
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Suppose now that NSX° is precipitous for & > (2%0)*. Let us show that there
exists more than just a weak repeat point in IC(J? ). Our aim will be to prove the
following:

THEOREM 2.5.1: Suppose that NSX° is precipitous for k > (2%¢)*. Then

(a) ifk = At for X of cofinality > w and X\ = ), then there exists an (w, A\%)-
repeat point,

(b) if s = At for a weakly inaccessible A so that p“ < X for every p < A, then
there exists an (w, A)-repeat point,

(c) (Mitchell [Mi2]) if & is a successor of a singular cardinal, then 3k O(k) = k**
in an inner model,

(d) if k is a weakly inaccessible and p“ < k for every p < k then there exists
an (w, < k)-repeat point,

(e) if k = AT for A of cofinality w so that u* < X for every p < A, then there
exists an (w, < A)-repeat point.

By Mitchell’s covering lemma, for any N < H,+ such that “N C N, |N| < |«|
and N Nk is cofinal in k, NN H, N }C(ﬁ) is contained in AN"{p™;CN), where
pN < |[N|*, h" is the Skolem function and CV the sequence of indiscernibles.
The sequence CV consists of critical points of the iteration of the least missing
in N mouse (more precisely, in the transitive collapse of N). It turns out [Mi4]
that the measures of the mouse below « are the right one, i.e. they are on the
sequence F. It is not true in general over « itself.

But if it is possible to pick ¥ < H,+ for some A > x which also is changing
its cofinality such that x € N, N N is cofinal in &, [N| < k and & > p”, then
NN HyNK(F) C hN"(pN;CV) and the measures over & given by the mouse
are the right ones. Let us call an ordinal é (like x above) satisfying this a good
ordinal and a submodel witnessing it a good submodel for §. By the proof of
Lemma 2.1, all interesting é's in C of the lemma are good, i.e., for N < H,+,
§ > p". Let us use this in order to find a generic ultrapower in which « is good.

Let v be such that k = v** and cf v > Rp or v = 2% otherwise. Set Y = {§ <
k: cf § = w and every submodel of cardinality < v is contained in a good for é
submodet}.

CLAIM: Y is stationary.

Proof: Suppose otherwise. Let E be a club in x disjoint to Y. For every 6 in E,
cf 6 = w, let N5 be a model which is not contained in any good for § submodel.
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Now use a club C and a submodel N as in the proof of Lemma 2.1 with £ and
the function taking é to Ns in N. The contradiction follows now easily. |

Let us call « a relevant ordinal and F(k, a) a relevant measure, if some condi-
tion stronger than Y forces that the measure F(x, a) is used first in the generic
embedding to move k. Clearly, Y IF“% is good in the generic ultrapower and
every submodel of cardinality < v is contained in a good submodel of cardinality
v there” where v*t+ = k or v = 2%o,

Let B € (Y{F(&,7) | 7 1s a relevant ordinal}. Then (k —Y)U(BNY) contains
a club, since otherwise Y — B = X is stationary. Pick some generic ultrafilter G
with X € G. Let jg: V — M =~ V*/G be the generic elementary embedding.
Find o such that F(k,a) was used first to move k. But then o is a relevant
ordinal. So B € F(x,a). But then & € jo{B) and & € jo(X). Hence BN X # 0.
Contradiction.

Further, let us always assume for B € (\{F(k, ) | v is a relevant ordinal} that
B CY. Also by a club C contained in B we mean C C (k —Y)U (BNY).

For a model N as in the Mitchell covering lemma we are going to use the
function V(—) and the coherence function CN(—,—,—) for F introduced in
[Mi2-4]. For an indiscernible 7 € N, BV (7) denotes the measure over &Y for which
7 is an indiscernible (more precisely, the index of this measure). Recall that &V
is the least ordinal in AV “(k). The coherence function CN (&%, BN (1), 8N (k))(k)
gives the ordinal { s.t. 7 is an indiscernible for F(«, £).

Let « be a relevant ordinal. Force with NS:O. Letig: V — M = ult(V,G) C
V[G] be a generic embedding such that F(k, a) is used first to move & in ig [IC(]?).
Then, in M, x changes its cofinality to Ry and the Mitchell covering lemma can
be applied there. Note that P(k) NV C P(x) N M. Working in M we considered
an ordinal @ which is the supremum of all 8 < a = 0ic(F )(k) satisfying the
following:

For every B € (\{F(k,v) | v relevant} and every submodel N’ of Hy+ there
areaclubin V, C C B, and a good for « submodel N D N’ of H,+ so that there
exists a set s C N N (a — B), Is| > Rq s.t. for every £ € s, N has unboundedly
many in & indiscernibles 7 € C for &V satisfying CV (&, 8N (1), BV (x)) (k) > ¢
and cf™ 1 = R,.

Note that by Lemma 2.3, @ > 0. Let g, be a name of such a.

For a relevant ordinal a set & = min{3 | some condition forces “4 = ¢,”}. Let
a* = min{& |  is a relevant ordinal}. Denote by a° the least relevant o so that
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a=a’.

Let ™" be the least relevant ordinal. Clearly, a* < a™"® < af.

By the choice of a* and [Mi4, Lemma 1.6], there exist aset B € ({F(k,7) | vis
arelevant ordinal}, a submodel N’ of H /(‘1 and £ < k so that for every clubC € V,
C C B and every good for x submodel N D N’ of H ,\Ai there are only countably
many indiscernibles 7, £ < 7 € C for BV satisfying CN (&, 8N (7), BN (x)) (k) >
a* and cf 7 = w. Let us always assume below that every set picked in "{F(k,v) |
7 is a relevant ordinal} is a subset of this particular set B, all the indiscernibles
are above £ and are outside of this countably many.

Further, by a good submodel we shall mean a good submeodel for «.

Let us assume that there is no up-repeat point.

LEMMA 2.6: If the ordinal a™® — o* is uniformly representable (i.e., it can
be represented by the same function in all ultrapowers of IC(]:" ) by F(«, ) for
B < 0% (k)), then a* is (@™" — a*) + L-repeat point and every A € {F(x, B) |
a* < B < a™in} reflects to unboundedly many in o* places.

Proof: Suppose that g: & — & uniformly represents a™™" — a*. Let A €
M F(,B) | a* < B < a™"} and o/ < a*. Pick a set A’ € F(x,a') which
does not belong to any measure above o’. Set B = {§ < « | there is §* < o* (6)
so that §* + g(8) < OF(8), Ans € N{F(6,8) | 6* < B < 6* + g(6)} and there is
§' < 6 sothat A'NG € F(6,6') and A’ Né does not belong to any measure on &
above §'}.

Let A, have the same definition as B but only 6* + g(6) = 07 (6) and 6 € A.
Then B belongs to every measure F(x, 3) with 8 > o™ and A; € F(x,a™"),
So Ay UB € N{F(k,a) | a is a relevant measure}. Let G C (NS¥)+ be a
generic ultrafilter such that jg: V — M =~ V*/G uses F(x,a°) to move x and
a®[G) = a*. By the choice of a*, there are a club C C &, C € V, points
o~f cofinality w of C are in A; U B and a good submodel N of HM so that
unboundedly many indiscernibles 7 € C for &V of cofinality w come from the
measures above o’ and below a*. Then A; U B € F(x, 3) for some o' < 3 < a*.
So Ay € F(k, ) or B € F(k, ). But in any case the definition of A;, B implies
that A € N{F(x,7) |8 << B +(a™~a*)} for some 7', o' < §' < B. ]

The following lemma has the similar proof.

LEMMA 2.7: If an ordinal «y is uniformly representable and a® 4+ v < a™in then
a* is a (y +1)-repeat point and every A € N{F(x,B) | a* < B < o* + 7} reflects
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to unboundedly many in a* places.

We are interested in showing the existence of y-repeat points for v < k* + k7.
Clearly, there is no problem to find uniformly representing functions for such
ordinals.

Suppose now that there is no (w, k¥ + x*)-repeat point.

If w < cf a* < k¥, then by 1.15 there is an (w, st + k*)-repeat point.

If f a* = k% and there is an increasing sequence (8, | n < w) of ordinals
below a* so that every A € F(k, a*) belongs to some measure in every interval
(Bns Bn+1), then by Lemma 1.16 there exists an (w, & + x*)-repeat point. Hence
there is a maximal set {fo,...,8.—1} such that every A € F(x,a*) belongs to
some measure in every interval (3;, Bi+1) (¢ < n) and for every 8 ¢ {Bo,. .., Bn-1}
there exists some Ag € F(k,a*) such that Ag ¢ |J{F(k,7) |8 >~ > max{s; |
Bi < B}.

Let us choose a set A* € F(«,a*) which does not belong to any measure above

a*

Let B be the set consisting of all §’s below & so that
(1) 0%(8) > 0,
(2) of 6 =w,
(3) there exists the maximal §* < o* (6) such that
(a) A*né e F(6,6*),
(b) cf 6* =w, ifcf a* =w and cf §* = 6T, ifcf o* =T,
(c) for every 3 < 6* there exists a good submodel N, for §, and there are
unboundedly many in § indiscernibles 7 for 8" such that

cV (N, 8N (1), BN (6))(6) > 8

(where 8% is the least ordinal > 6 in A™V"(§)).

By the definition of a*, A*UB € ({F(k,a) | a is a relevant ordinal}. Then
there exists a club C € V whose points of cofinality w are in A* U B. Notice that
if a* < a™" then B alone contains an w-club.

Let j: V — M be a generic elementary embedding witnessing “a* = o°”.

Recall that ¢f Kk = Ny in M. ”

Pick in M a good submodel N < Hj+ so that

(a) [Nl =28 N D 2% if  is an inaccessible or x = v+ for singular v and

[Nl =v, NDvif k =vtt for a regular v,



78 M. GITIK Isr. J. Math.

A*, B, CeN,

cf 7 =R, for every ordinal 8 € SN(r) N N, either
(i) 7 € B and CN (&M, 8,8N(7))(7) > *
or
(ii) for every countable z C BV (7) — 8 there exist unboundedly many in
7 indiscernibles 7, for &V such that 8 < 8 (71) < 8N (7) and

CN (&Y, 8,8 (r))(r) < CN (&Y, ¥ (m1), BY (7))(7) ¢ =,

where 7* is the largest ordinal < 0% (r}st. A*Nre F(r, 7).

The only nontrivial condition on N is (e). Since 7 € C some good for 7
N, < H,+ satisfies (e) for unboundedly many in 7 indiscernibles 7. N can be
picked as a good submodel of H,+ satisfying (a)-(d) for u big enough in order
to catch the function 7 — N;. Such N will satisfy (e) since for every = as in (e)
unboundedly many in 7 75’s will be indiscernibles for the same measures in N
and in N,, by [Mi4, Lemma 1.5].

Let (1n | n < w) be the sequence of indiscernibles given by Lemma 2.1 and
Cy, be as in Lemma 2.1. We are dropping the index IV for a while. Suppose that
79 > 6 for 6 as in (e). For n < w, let d,, be the w-club in | J(N N 1,) consisting of
indiscernibles of cofinality w in C N Cy N 7, for 8. Since ¢f 7, > w, by removing
an initial segment, we can assume that for every 7 < 7' in d,, and an indiscernible
fork " st.r<7" <7, B(r)<pB(r') and B(r") < B(’). It follows by [Mi4,
Lemma 1.6].

For an indiscernible p € C for & such that cf u = W, let p* = o* (1)
if 4 ¢ B, otherwise let u* be the largest ordinal < o* (1) such that A*Np €
F(u, u*). Denote by 5*(u) the corresponding to u* over &, i.e. ordinal or more
precisely the index of the measure 3 such that p* = C(, 8, B(u)){(u).

LEMMA 2.8: Suppose that cf o* = k*. For every n < w, for every increasing
sequence (ftmn | M < w) of elements of d,,

g (U umn> <U B(MMS&(U umn>-

m<w mlw m<w
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Proof: The right inequality holds by [Mi4, Lemma 1.6]. Let us prove the left
inequality. Suppose otherwise. Then

g ( U Nmn) > U Bpmn) -
m<w m<w

Denote \J ftmn by p. Then cfp = w. By the Weak Covering Lemma [Mil],
cf ut > w. Then cf a* = k* implies cf u* > w. Let us turn now to p,,,’s. Since
they form an increasing sequence in d,, the sequence (B(fmn)|m < w) is also
increasing. We replace every 8(umn) by the corresponding ordinal over p, i.e.
C(%, B(ptmn), B(1)) (). Denote C(R, B(tmn), B(1)) (1) by Ym, and let v = ,, .,
¥m- Then {(yn|m < w) is an increasing sequence, and so c¢fy = w. Since we
assumed §*(1) > U< B(tmn), by transferring this to p we obtain p* > 7.
Recall that 3*(u) is defined to be the ordinal 8 such that p* = C(%, 8, 8(u))(u).
But since cf p* # c¢fy = w, u* > 7. Notice that v is in N since “N C N and
each v, is in N. Then for every m < w, vm = C(R, B(ttmn), B(1))(1) < p*.
So the case (ii) of the condition (e) (for N) should hold. In particular, taking
8 = B*(u) there, we will have unboundedly many in p indiscernibles T for &
such that 8*(u) < B(m) < B(p). Pick some such 7, above po,. Let m < w
be so that ptms, > 71. By the assumptions on d,, then B(tmn) > B(71). Hence
B(ptmn) > £*(p). Contradiction. [ |

LEMMA 2.9: Suppose that c¢f a* = k*. For every n < w there exists a final
segment d;, of limit points of d,, so that for every u, ' € d,, 8*(p) = B*(u').

Proof:  Suppose otherwise. Then for every limit 4 € d,, there is alimit u’ € d,,—p
with g*(4') > 8*(p). But then also 5*(p’) > B(u). Since otherwise, by Lemma
2.8, B{u) > B*(u') > B* (1) which is impossible.

Define an increasing sequence {m, | m < w) of limit elements of d,, so that
B*(ttm+1) > B*(m)- Let u =, ., m. But then, by Lemma 2.8,

B (w) < | Blem) = | B (tm) < B()

m<w m<w
which contradicts the definition of 8*(u). ]

So, inside every d,,, 3* (1) is stabilized under the assumption of ¢f a* = ™.
Let us remove this assumption now. So suppose ¢f a* = w. Pick a cofinal
sequence {(a; | k < w) to a* consisting of ordinals of cofinality > Rg so that for



80 M. GITIK Isr. J. Math.

every k < w, B < aj, there unboundedly many in « indiscernible for measures in
the interval (3, a}). Since cf a* = Ng, the choice of a* insures that it is possible.
For every k < w pick a set A} € F(k,a}) which does not belong to any measure
above a}. Assume that for every § € B §* = |J, ., 6, where &} is the maximal
measure s.t. § N Af € F(6,6;). For p € C, define (8;(x) | k < w) in the obvious
way.

Then the following analogs of Lemmas 2.8 and 2.9 hold.

LEMMA 2.8.1: For every k,n < w, for every increasing sequence {fimn | m < w)
of elements of d,,

ﬁl: ( U /—Lmn) < U B(ﬂmn) <g ( U Nmn)
m<w mw m<w

LEMMA 2.9.1: For every k,n < w there exists a final segment d®) of limit points
of d,, so that for every p, u' € dﬁ,k), Br(w) = Br(p').

But now using Lemma 2.9.1 we can stabilize step by step all 5 () (k < w).
So the following holds.

LEMMA 2.9.2: For every n < w there exists a final segment d., of limit points of
d,, so that for every u,py' € d,,, 8* (1) = 5*(¢').

Let us identify, from now on, d}, with d,, for simplification of the notation.
Denote also 3*(u) for p € d,, by 5;,.

Notice that the arguments above work still if we replace & by any 6 € d,
(n < w) with c¢f§ > wy. Just instead of dealing with measures over & deal with
measures over 6.

Actually, if we restrict ourselves to §’s below %, then the assumptions that
N is good and it is of cardinality 2% are not used.

Define, in V, A = k% if & is an inaccessible and A = p if k = pu*. Let gy be
a function which uniformly represents X. Let A € ({F(x,8) | o* < 8 < o*+A}.
We like to find 8 < o* so that A € N{F(x,0)|8< B < B+ A}

Set B(A) = {6 < k | there exists §* < Of(6) such that (1) it is largest
s.t. A*Né € F(6,6%), (2) Ané e N{F(6,8) | 6* < B < 6% + grs)- Intuitively,
B(A) takes care of relevant measures which maybe are above a* + A. Then
AU B(A) € ({F(k,B) | 8 is a relevant ordinal}.

Let us assume that points of the club C of cofinality w are in (A* U B) N
(AuB (A)).
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It was shown above, that for the model N, (5;(u))N’s are stabilized. Our
aim now will be to find ordinals 3} which do not depend on a particular model.
The models we shall consider below will satisfy the conditions (a), (¢)-(e) of the
definition of N. So further, by a model we will mean a model satisfying (a),
(c)-(e). Unions of elementary chains of good models will be used. We do not
know whether such models are good. But what we had insured by picking the set
Y to be in the generic filter is that these models are contained in good ones. For
a submodel Nj of a good model Ny and for an indiscernible u € Ng N Ny let us
denote by BMo(u), 3N (k). Notice that, by Mitchell [Mi4, Lemma 1.5}, e ()
does not depend on particular good N; D Np, at least a final segment of indis-
cernibles. The lemmas above are valid for closed under w-sequences submodels
of good models. Also for some nonclosed submodels N’ of a good model d’,
8" still may exist.

Further, by a model we shall mean a fine submodel of a good model. Assume
also for simplification of the notions that &V = x.

LEMMA 2.10.1: For every N’ there exists N O N' so that, for every N D N,

ﬂ;N” < ﬂ;N for all but finitely many n’s.

Proof: Suppose otherwise. Define an elementary chain (N; | i < w) so that
(1) Np is a counterexample,

2) “Niy1 2 Niq,

3) RN+t € Nj o,

4) N; =J;,; N; for a limit i,

5) for infinitely many n’s G} Mt ﬂ* , if ﬂ;N‘ ’s exist,

6) i+1 2 Nu

Y (UNinNT,) | n < w) € Nigy.

Set N = |J,., Ni. “N C N, so (8:)"N's exist. For every i < w; there is
n(i) < w such that all indiscernibles of N; for k which are above Tn(iy are indis-

(
(
(
(
(
(

i<wy

cernibles of N for the same measures, since there exists a good model containing
N and N,;. Find a stationary S C w; and ng < w such that for every i € S,
n(i) = ng. Suppose for simplicity that no = 0. Since each dY is an increasing
continuous union of (N; NdN | i < wy), B2 and d¢ are defined and d: is
almost contained in dY. Then ﬂ;Nf = ﬁ;N. (M | n < w) € Niyo. Consider
Nig+1- Find n; < w so that all indiscernibles of N;,,1 for k which are above
Tn, are indiscernibles of N for the same measures. Fix some n < w above n;
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such that ﬂ,‘;Nioﬁ >0 = 3" . If some p € dh°*" is above 7, then BN ()
should be bigger than 8V (n,), since (ﬂN(u))* = ﬂ*Ni"H > ﬁ,’;N. But then, by
the definition of d,, (8V(1))* = B3, which is impossible. So supdi?+! = p,.

Ny +1 . -
But supd, ott _ sup(N;,+1 N 7) > 7 since 1, € N;y41. Contradiction. ]

LEMMA 2.10.2: There exists a sequence {35 | n < w) so that for every N' there
is N 2 N’ as in the conclusion of Lemma 2.10.1, so that 8} = ﬂ,‘;N for all but
finitely many n’s.

Proof: 1t is enough to prove the following:

CraM: For every N’ there exists N D N’ as in the conclusion of Lemma 2.10.1
so that for every N" D N there is N D N satisfying 82 = 3" for all but
finitely many n'’s.

Proof: Suppose otherwise. Let Ny be a counterexample. For a model N D Ny
denote by Z(N) a model N” D N such that for every N O N”, B;Nm # 8"
for infinitely many n’s. Define an elementary chain (N; | ¢ < w;) as follows:
(1) Ni =U;; Nj for a limit ¢,
(2) “N;+3 C N;y3 is a good model,
(3) Ni+s € Nijq,
(4) for a limit ¢, N;+1 2 N; is given by Lemma 2.10.1,
(5) for a limit ¢, Njyo = Z(N;q1).
Set N = Ui, Ni. As in Lemma 2.10.1, (82)™ exists and 8, = 85 for
i in a stationary set S C w;.

For i < w; denote (ﬂ* In<w) by ﬂ if it 1s defined. Let ﬁ < ﬂ] mean
that, for infinitely many n’s, [3; fep " Then ﬂ > _ﬁ_wﬂ ﬁw+w+l >0 >
BH'I > ..., for a limit z < w;. By the proof of Lemma 2.10.1, for ¢ € S big
enough B # B'+'. By the choice of Nit; then " = B:"**' for all but finitely
many n’s. But since ﬁ*N* = ﬂ,*LN = ﬂ,’;Nj for all but finitely many n’s, where
i,j € 9 are big enough, B'HI p 3 y+1. Contradiction. ]

Remark: 1t is easy to make N in Lemma 2.10.2 closed under w-sequences. Just
construct an elementary chain (N; | i < w;) taking N;;; to be as in Lemma
2.10.2, “N;;3 C Niyo for alimit . N = UKW1

We split the proof now into two cases: (1)  is accessible; (2) « is inacces-
sible.

N; will be as required.
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Suppose first that k = A* for A which is a successor of a regular cardinal
of cofinality > w. Let A~ denote the predecessor of A, i.e. A = (A™)*. Suppose
A7 = (A7)

PROPOSITION 2.10: a* is a A-repeat point.

Proof: Let us deal, for simplicity, with xk = R3 and A = Ro.

We use M, N, (¥ | n < w), (dV | n < w), (B | n < w) etc. defined above,
only suppose that A, B(A) are also in N. Continue to work inside M. Suppose
also that mind) is above the supports of A, A*, B, B(A).

If for some n < w
Ae(F(x,0)| B, < e < B +wa}

then we are done. Suppose otherwise.

Define then 7, to be the least ordinal between 3} and 8% + ws such that
A ¢ F(k,vn). Without loss of generality assume that A ¢ F(k,~,) implies that
also A ¢ F(k,~) for every v, v, <7 < wo. It was shown that v,, > g for all but
finitely many n’s. Actually, it can be used to show that v, > 3% +w; since N, a
model of Lemma 2.10.2, can be chosen to be closed under w-sequences.

Set 8, = sup{B(r) | 7 € (CNCrLNTny1) —mindY, 7, is an indiscernible of
N for k} for every n < w. W. L. of g. assume that

bn = sup{B(7) | 7 € (CNCLNTas1) — &} for every £ € [mind,, Tni1)-

LeEmMMA 2.11: For every § < W, for every N' there exists N O N’ so that
82" = B and 8Y > B + 6 for all but finitely many n’s.

Proof: Suppose otherwise. Pick § to be the minimal counter-example. Let
N’ be so that for every N O N’ with ﬂ;N = (B for all but finitely many n’s,
8N < 82" + 6 for all but finitely many n’s. Pick (5; | i < w;) to be a cofinal
sequence to 6. If 6 is a successor ordinal then let 6; = § — 1 for every i. Define
now an elementary chain (NV; | 1 < wy) satisfying the following conditions:

(1) No=N',
(2) “Nit1 C Niyy,
(3) AN+t € Niyo,
(4) N; = U;<; N; for a limit 4,
(5) B Nkl = (3 for all but finitely many n’s,
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(6) Niy1 2 N;,

(M (UN:in7) [n <w) € Nigy,

(8) 62**' > B2 + 6; for all but finitely many n’s.
Set N =

every i € S all indiscernibles of N; for x above r,, are indiscernibles for N for

icw, Ni- Find a stationary S C w; and ng < w so that for
the same measures. As in Lemma 2.10.1, then ﬁ,’;N‘ = /S';N forn > ng, i € S.
Pick ig € S so that (n, | n < w) € N;,, where 1, = mind,. As in Lemma
2.10.1 for every @ > i there only finitely many n’s such that B;:Ni > B,‘;N. But
[3*N"+1 = [ for all but finitely many n’s. Hence the maximality of 5;;’s implies
that 8% = B2 **' = 82" for all but finitely many n's.

Pick now aset S, C {i+1 {.’i € S—ip} of cardinality wy and ny, ng < ny < w
so that for every ¢ € S all indiscernibles of N, for » above 7,, are indiscernibles
of N for the same measures. Then for all n > ny, i + 1 € 5; big enough s.t.
(6N | n < w) € Nipy 8N > B2 + 6, Hence 8 > 35 + 6 for every n > nj.
Contradiction. a

It is easy now to finish the proof of the proposition. Let v =|J, v». Then
v < wy and so, by Lemma 2.11, there exists N satisfying 6V > ﬂ;;N +~ for all but
finitely many n’s. Find an indiscernible § € N N C for x with gV (6) > ﬁ;N + 7,
where n is such that 7,_; is above the support of A, B(A4). Let N* D N be a
good model which defines 8" (~). Then FN" (x, 3V (6)) is the real F(x, 8V (6)).

Also AU B(A) € F(x,8;" +7). Contradiction. B

Remark: The property (A7)* = A~ (where (A™)** = ) was used in the above
proof in order to apply the Mitchell Covering Lemma where the submodels are
assumed to be closed under w-sequences. If it is possible to remove this assump-
tion from the Mitchell Covering Lemma, then the above construction can be
applied also for k = A** with ¢f A = w to produce a A*-repeat point.

Suppose now that & is a weakly inaccessible so that A* < x for every A < &

PROPOSITION 2.12: a* is a < k-repeat point.

Proof: Let v < k be a regular cardinal. We would like to show that a* is a -
repeat point. If there exists a good model of cardinality v then the application of
Lemma 2.9.2 to this model gives the desired statement. In general we know that
there are good models of cardinality 2™°. So let us pick a submodel N of H,+
(x large enough) for cardinality v+ containing (7. | n < w), C, A* etc. Using
Lemma 2.9.2, find indiscernibles of N for & (u, | n < w) so that 7,41 > fin > Tn,
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pn € C, cf pp = w and BN (un) > ﬁ*N (tn)+7. Let Np be a elementary submodel
of N of cardinality 2% containing (i, | n < w)y, C, A* etc. By Mitchell [Mi4],
all but finitely many of u,’s remain indiscernibles for « in Ny. Let ng be so that
Tne > 7 and for every n > ng, p,, is an indiscernible for & in Njy.

The set A, = {6 < & | there exists the maximal 6* < OF(§) s.t. A*Né €
F(6,6%) and O7 (6) > 6* +~} is definable from v and A* in K(F). So its support
is below 7,,, in both N and No. Let n be above ng. Then A, € FN(x, 8V (u,))
and, hence, u, € A,. But now, in Ng, p, € A, and it implies that A, €
FNo(k, BN (un)). So B*"° (n)+v < BNo(,). And this is true for every n > no.
The continuation is as at the end of the proof of Proposition 2.1. ]

The same argument applies to x = ATt with ¢f A = w and u* < X for
1t < A. So the following holds.

PROPOSITION 2.13: Let k = At cf A = w and u* < A for every p < A. Then

a* is < A-repeat point.

Suppose now that x = A+ for weakly inaccessible A so that u* < X for
every p < A. The arguments above show that then o™ is a < A-repeat point.

If every submodel of cardinality < A is contained in a good submodel of
cardinality < A, then an easy modification of these arguments gives that o* is a
A-repeat point. But we do not know whether this is the case. Below, we shall

obtain the same conclusion restricting ourselves to good models of cardinality
2Re,

PROPOSITION 2.14: If k = A% for a weakly inaccessible X s.t. u“ < X for every
1 < A, then a* is a A-repeat point.

Proof: Suppose otherwise. Without loss of generality suppose that the set A
(picked in the beginning) witnesses this, i.e., for every § < a* there is some p < A
so that A ¢ F(k, 3+ p). Also all 7,,’s may be assumed to be of cofinality A. Since
otherwise, pick a submodel of cardinality < A which contains cofinal sequences to
all of 7,'s of cardinality less than A. Then, as in Lemma 2.1, construct new 7,,’s.
If they are still of cofinality less than A, then continue the process. It should be
stabilized in less than (2%)* steps. The stabilized 7,,’s will be of cofinality A.

LEMMA 2.15: There exists a submodel N’ of cardinality 28° so that for every
p < A there are N D N’ of the same cardinality, ny < w and the sequence
of indiscernibles of N"for x in C {u, | n > np) so that for every n > ny,
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BN () - ﬁ*N” (pn) > p and ﬁ*N”(;zn) = %, where (3% | n < w) is defined as
in Lemma 2.10.2.

The proposition follows easily from the lemma. Just otherwise pick for
every n > ng, p, < A, so that A ¢ F(k,0; + pn). Set p = |J, pn. Since
A is a regular, p < A. Pick now N”, (u,|n > np) as in the statement of the
lemma for this particular p. Then for all n’s big enough u,, € A. It implies that
A€ F(k, B (ptn)). But BN (1n) — 85 > p. So A also belongs to F(x, 82 + p).
Contradiction.

Proof of the lemma: Suppose otherwise. Then for every N’ of cardinality 2%
there is p(N') < A so that for every N” D N’ of the same cardinality, every
sequence of indiscernibles of N” of k in C  (, | 7 < w), so that BV (u,) = B,
BN (n) — B2 < p(N') for all but finitely many n’s.

Let N, p(N') be as above. Denote p(N’) simply by p. Define by induction
an increasing continuous sequence of submodels (N; | ¢ < p*) so that

(1) N= N/,

(2) |N;| < A for every i < p¥,

(3) for every i, N;yi contains a submodel N; of cardinality 2®¢ so that
{UN;N1) | n < w} € N/ and N/ has a sequence (s, | n < w)
of indiscernibles for k in C so that for all but finitely many n’s, u, €
Tt > UN: N Tgr) and B () = 2.

Set N = |J{N: | i < p*}. Consider the sequence (dY | n < w) defined as
in Proposition 2.10. Condition (3) insures that |dY| = p*. So, for every n, there
exists 1, € dY such that 8V (u) — B" (u) > pforevery pu, p € CNNNTpp1 — M
and BN (u) > BN (n,). Let us define now a submodel N* of N of cardinality 2%e.
It will be the union of the increasing continuous chain (N} | i < wy), which is
defined as follows. Let ko be the least so that {9, | n < w} C Ni,. Set N
to be a submodel of Ny, of cardinality 2% containing {5, | n < w} U No. Let
fln = 7 for every n < w. For a limit 4, let N be |J;; N. Set k; = U;<i ks and
M = Uj<i M- S0 N} C Ni,. Suppose that (N | j <), (k; | j < i) are defined.
Define N;,;. For every n < w, let ni*! be the minimal 7 € d¥ — |J(n41 0 Niys)
so that BV (n) > BN(n%). Let ki1 be the least 7 > k; so that N; D {ni+!
n < w}. Pick N7, to be a submodel of Ny
N}UN, U{gt |n<w})

Clearly, {n} | i < w1} C d¥ for every n. Also {n} | ¢ < w;} is a club in

.41 of cardinality 2% containing
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U(N* A 7ny1). So some subclub t, of it is contained in d¥". Since N (n%) >
BN (mn), BN (ni) — B°" (ni) > p for every i < w;. Consider the set A, = {6 < « |
there exists a maximal §* < O (6) so that A* N6 € F(6,6”) and this §* satisfies
6*+p < O7(6)}. It is determinable from A* and p. So starting with some ny < w,
for every p € tn, p € A, in N and, hence, in N*. So 8V (u) > B‘N'(,u) > 0.
The choice of p implies that starting with some n; > ng, B*N' (1) # By, for every
t € t,. By the choice of 3%’s, then ﬁ*N*(,u) < [ for every n > ng > nj.
Denote mint, by £,. Pick ¢ < w; so that {§, | n < w} C N?. Consider N/
and N*. They are submodels of a good model. So, starting with some n3 > ny
all the indiscernibles of N’ for k above 7,, are indiscernibles of N* for the same
measures. By the choice of N/, for every n > n3, there exists p, € Thy1 N &, SO
that 8*™ () = By Then, 8" (u n) = 6 > g (én) So BN (pn) > BN (€n).
By the choice of dY", this implies g*" ( n) = g" (&,). Contradiction. 1

Let us show now that unless there exists an (w, s+« )-repeat point cf o*
should be w. Suppose otherwise. Then, as it was shown after Lemma, 2.7, there

exists the maximal reflecting set {fo,...,8,-1}. Let us assume for simplicity
that n < 1. Denote g by a** ifn=1land let ¢** =0ifn =0

Until now we have dealt with one club C. In order to get the contradiction
we shall use some different clubs. But first let us prove the following.

LEMMA 2.16: There exists N so that for every N' O N the set of indiscernibles

for k, 7 € C, cf T =R with 8*N¥' (1) > \U{BY(v) | v € C is an indiscernible for
k in N} is bounded in k.

Proof:  Suppose otherwise. Define a chain (N; | 1 < w;) so that
(1) Nip1 2 MU {RV},
(2) Ni =, N; for limit 4,
(3) there are unboundedly many in & indiscernibles 7 € C for Nj;1, cf 7 = Ry
with

BN+ (1) > U{ﬁN ) | ¥ € C is an indiscernible for « in N;} .

Set N = ;.. Ni. Find § C w; for cardinality w; consisting of successor
ordinals and ny < w such that for every i € S, for every n > ng and for every
indiscernible ¥ € N; — 1, for & 3Ni(y) = BN (), also there is m > n and an
indiscernible v, € [Tim, Tm41) for k in N; satisfying the condition (3) above.
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Suppose for simplicity, that for every m > ng, ¢, is defined for w;  #’s in
S. Otherwise just deal with intervals [1,,,, 1) for m’s satisfying this.
Set b = {7, |1 € S, 7%, is defined} and vy, = |Jbm.

CLAIM: There is n; > ng so that for every m > ny, for every indiscernible
Om € C N [Tm, Tm+1) for k there is v € b, with B*N(y) > BN (6m)-

Proof: Suppose otherwise. Then for every n > ng there are m,, > n and
indiscernible 6,,, € C U [Ty, ,Tm,+1) such that 8V (6,..) > 8*N(v) for every
¥ € by, . There exists ig € S such that {6,,, | no < n < w} C N;,. But it implies
BN (6,) = BN (6,,) for every n > ng. Let i; be any element of S — ig. Then
BN () = BN (4t ) > Y1 (6m,) = BV (6m,) = BN (6m,) for every m
s.t. 74 is defined and Ny, N;, N agree about the function §(-). Contradiction.
[ |

Let m > mny. Since cf +,, = w1, there is a club e,, C v, consisting of
elements of C which are indiscernibles for x so that for every 7,7’ € e,,, and 7",
r< 7 <7, BN(r) < BN(r') and BN (1") < BN ('). Define now an increasing
sequence (t, | n < w) of indiscernibles in C N 7y, as follows. Set ty = mine,,.
Let tp41 = min{y € e, | 8V (y) > BV (tn)}. Such t,41 exists by the claim.

Then 8" (U, <o tn) = Unco, B~ (tn), which is impossible by Lemma 2.8.
Contradiction. |

Set a(C) = U{BN(7) | 7 € C is indiscernible for « in N}, where N is as in
Lemma 2.16.

Since |N| < || and fKF) g = gt a(C) < a*. Also a(C) < a**, if
a(C) < o**. Pick a set A; € F(k,a*) so that A; C A* and A, ¢ U{F(k,7) |
a** < v < afC) if a** < a(C) and 0 < v < a(C) otherwise}.

Let B; be defined as B but only replace A* by A;. Pick a club C; € V
which points of cofinality w are in A; U B;.

Let us now consider separately two cases: (1) o** = 0; (2) a** > 0.

CasE 1: a** =0. Let N be as in Lemma 2.16. Pick N’ D N so that A;, B1,C)
€ N’. Since C N Cy is a club in V), there are unboundedly many indiscernibles
7€ CNC; for k in N’ of cofinality w. By the choice of A1, By, C1, for sufficiently
large 7 € C N Cy, B*(7) > a(C). But by Lemma 2.17.1, it is possible only for
a bounded in k¥ number of 7’s. So C N C; is bounded in x, which is impossible.
Contradiction.
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CASE 2: a** > 0. The arguments of Case 1 imply that there are only boundedly
many in £ indiscernibles 7 in C N C, for k in N’ with B(r) > a**. Consider now
C N C, instead of C. Then a(C N Cy) < a**. Pick a set A, € F(k,a*) so that
Ay C Ay and A; ¢ | J{F(k,7) | ¥ € a(CuC))}. Find By and C; for A, as B,
and C; for A;. Apply the argument of Case 1 to C N Cy and Cs. It will imply
boundedness of C' N C; N Cy, which again leads to the contradiction.

So ¢f a* should be w.

This completes the proof of Theorem 2.5.1. ]

Note that, if the assumption “N C N can be removed from the Mitchell
covering lemma, then the conclusion of (e) of 2.5.1 can be improved to an (w, A*)-
repeat point.

It is possible to replace Rg in 2.5.1 by any regular 4 < & so that gt < .
Note that by Jech-Magidor-Mitchell-Prikry [J-M-M-P] precipitousness of NSZ +
is equiconsistent with a one measurable.

THEOREM 2.17.0: Suppose that N# is precipitous for a regular uncountable p
with ut < k, then the conclusion of 2.5.1 holds.

Sketch of the proof: The only difference in NS% case appears when s = pt+.
It became impossible anymore to use submodels which are u-closed. For non u-
closed submodels Ny, N, (even if they are good), it is unclear, in general, whether
starting at some gy < & all the indiscernibles § € Ng N N; for k above ug are for
the same measures in Ny and N;. Recall that this property was used already in
the definition of a*. Also some new problems arise further in Lemmas 2.9, 2.11,
2.15 since ordinals of cofinality w; will never be a club.

Let us first give the new definition of a*. Consider in V the set Z C &

consisting of ordinals § so that

(1) cfé=w; and
(2) offFlg=4¢

are contained in a good for 6 submodel Nj so that there exists a sequence
(6; | i < w) € N} of indiscernibles for § so that (87 (6;) | i < wi) € N}
and for every indiscernible 7 > 6y for § in N; there is ¢ < w; so that 7 < §;,
B85 (1) < N5 (6;), where B)" (=) stand for the measure over § itself.
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LEMMA 2.17.1: The set Z is stationary.

Proof: Suppose otherwise. Let C be a club disjoint from Z. Let o be the
least so that some condition in (NS?;) forces that the measure F(x,a) is used
to move x in the generic ultrapower. Let M be a generic ultrapower defined
by a generic elementary embedding using the measure F(«,a). Apply Lemma
2.1 to C inside M. Let {r; | i < wy, % is a successor ordinal ) be as in Lemma
2.1. Define 7; = Uj<i 7; for a limit ¢ < w;. Let N be a submodel so that C,
(r; | 4 <w) € N, |[N| =R, and “N C N. Suppose that N < H, for x large
enough so that for every § € N of cofinality w; which was regular in K(F), N
contains a counterexample Ns to the condition (2). Pick a submodel N* 2 N of
cardinality N;, closed under w-sequences so that N N7; € N* for every i. For a
successor ¢ < wy denote | (N N 7;) by é;. Then §; € C and cf§; = w;. Pick a
club of indiscernibles of N* for é;, (6;(j) | 7 < w1). Pick N** D N* of cardinality
Ry, closed under w-sequences and so that AN € N**, ((6;(j) | j < w1) | 1 < wy,
i is a successor ordinal) € N**, (BN (6:(4)) | j < w1) | i < wi, 7 is a successor
ordinal) € N**, where 8V" (6;(—)) stands for measures over é;. By [Mi4, Lemma
1.6], for every limit ¢ < w; there exists ¢’ < ¢ so that every indiscernible of N, p,
for k, 7 < p < 7; is an indiscernible of N** for k for the same measure over ;.
Using the Fédor Lemma and the coherence function find ig < w; so that for every
limit ¢ > g every indiscernible u of N* for k, 7;, < g < 7; is an indiscernible of
N** for & for the same measure over 7;. Once more using the coherence, this will
imply that for every successor ¢ large enough a final segment of (6;(j) | j < w1)
will be indiscernibles for « in N** and over 6;, BV (6:(j)) = B~ (8:(j)). Then
N** is a model satisfying the conditions (1) and (2) for §;. Contradiction. ]

For ¢ < & consider the set Z¢ = {6 € Z | for every Ns, |[Ns| = Ro, N} 2 N;s
as in the definition of Z can be picked so that the parameter of N; is below ¢,
ie, Ny nH, ChVi(cuche)}.

There exists §; < x such that Zg, is stationary. Otherwise just pick for
every £ < k a club C; disjoint to Z¢. Set C = A¢«xCs. Use this C in the proof
of Lemma 2.17.1 in order to obtain the contradiction.

Further, we shall deal with indiscernibles above this £y, without stating it
specifically.

Let us call further a submodel good for § if it has the properties of Ny in
the definition of Zg;. The proof of Mitchell’s Lemma 1.6 from [Mi4] implies that,
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if Ng C N, are good for é, then the final segment of indiscernibles of Ny for §
are indiscernibles of N; for 6 for the same measures over 6.

Define now o* as in the Ng-case only replacing Y there on Z;. Let us
preserve the notations made there with obvious changes of w with w;.

PROPOSITION 2.17.2: If NSS; is precipitous and 2% = X then there exists an
No-repeat point.

Let us split the proof into few claims.

CrLAaM A: For every submodel N’ there exists N D N’ so that for every N D N,
for every a < wy, for every infinite s C w, for every sequence (u! | n € s) of
indiscernibles of N’ for T4, S0 that y), € (Tatn, Tatn+1), the following holds:

If there is a sequence {u!! | n € s) of indiscernibles of N" for 1,.,, so that
w! € (i, Tasns1) and BY"(u) > BN (o) for all but finitely many n’s in s,
then there is a sequence {un | n € s) of indiscernibles of N for 7,4, so that
pin € (U Tagns1) and BN (un) > BN (ul) for all but finitely many n’s in s,
where [, (p) denotes the measure for p over a.

Proof:  Suppose otherwise. Let N’ witness this. Let (f, | @ < w;) be an
enumeration of all possible sequences of indiscernibles of Ny. Define by induction
an increasing continuous sequence (N, | @ < wy), so that N, takes care on ji,
when it is possible. Set N = | Ng. There are N D N,a<w,sCwa
sequence (y,, | n € s) of indiscernibles of N’ for 7,4, so0 that i}, € (Taqn, Tatnt1),

a<w)

n

so that p” > p/ and BN (u") > BN(u.) for all but finitely many n’s in s but
there is no sequence {mu,, | n < w) of N satisfying this. Let 8 < w; be so that
fg = (mul, | n € s). Then, by the definition of Ng,j, there exists a sequence
(48 | n € s) of indiscernibles of Ngy, for 7oy, so that o2+ (uf) > BN’ (1) and
2 > p, for all but finitely many n’s in s. But 8% (uf) = 2°* (uf) for all but
finitely many n’s in s. Contradiction. |

CLaM B: For every N’ there exists N 2 N’ so that “N C N and for every
N" D N, for every a < w, s C w and sequence (i, | n € s) of indiscernibles of
N for Ty, so that pl, € (Tatn, Tayn+1), the following holds:

If there is a sequence (u., | n € s) of indiscernibles of N” for 7, so that
1! € (ul, Tag1) and BN (u!’) > BN (ul) for all but finitely many n’s, then there
exists such a sequence already in N.

Proof: Use Claim A w;-times. [ |
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Let ¢ € C be an indiscernible for 7,,,(a@ < w;) in some N. Denote by
B** ()N the maximal 8 < BN (u) such 8. Define ((82%)V | n < w), (d)V |n <
w) as in the Rg-case but use 7,4, instead of .

CrLamM C: For every N’ there exists N D N’ so that:
(a) for every a < wy {(B:)N | n < w) exists,
(b) for every N” D N, for every a < wy if ((82*)N" | n < w) exists, then
(B2)N" < (BN for all but finitely many n’s.

Proof: Suppose otherwise. Let Ny witness this. Split w; into w;-disjoint sets
(Si4+1 | © < wy) of cardinality w;. Define by induction an increasing continuous
sequence (N; | i < wy - wy).

Suppose (N;: | i < i) is defined. Define N;y;. Let N/ O N; be w-closed
and so that (N; N7, | @ < wy) € N/. Pick N/ D N/ to be as in Claim B. Let
i = wy -ig+1y, where iy < w;. Pick a < wy so that i; € S4. If (82°)V | n < w)
are undefined and there exists N O N/ with ((8:%)V | n < w) defined, then let
Ni41 be some such N. If ((82*)¥ | n < w) are undefined and there is no N
as above, then let Nii; = N/ If ((82)M | n < w) are defined and there is
no N 2 N/ with {(82¢)N | n < w) defined and so that (8:*)N > (32*)N for
infinitely many n’s, then let N;;; be some such N. Otherwise, let N;,; = N/
It completes the definition of {(N; | ¢ < wy-w;). Set N = |J{N; | i < wy-wr}. Let
a < w;. We like to show that (3:*)"’s exist. Let us first show the following:

SuBcCLAIM: For every £ < wy - wy of cofinality wy, for all but finitely many n’s
the following holds:

For every indiscernible p such that 744n41 > p > min(d%)Ne of N for 7o,
there exists an indiscernible § € C, Toy4ny1 > 6 > p of N¢ for T4y, of cofinality
wy so that BYE(8) > BY¢(p).

Proof: Suppose otherwise. Let (p, | n € s) witness this. Deal for simplicity
with £ = w,. Find i € S, so that {p, | n € s} C N;. By the definition
of Niy; it contains N/. Then for almost all n’s in s, & = UN/' N Tatnp1
is in C is of cofinality w; and it is a limit of indiscernibles & of N/’ satisfying
8N (€) > B (pn). By [Mid, Lemma 1.6], then Ba“* (€,) > Ba™! (pn) for all but

finitely many »’s in 5. Contradiction. 1

So, for all but finitely many n’s, Bo(U(Ng N Ta+n))N“‘ exists. Denote
U(Ne N Taan) by 6.
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The proof similar to those of the subclaim gives that for all but finitely
many n’s, the following holds:

For every indiscernible p, Ta4nt1 > p > min(d2)V of N for 7,4,
BN (62%4) > BN (p) for all but countably many &’s £ < w; - w; and cf € = wy.

It implies that, starting with some &, all 3:*(62+¢)V’s should be the same.
Since otherwise, just consider some N* 2 N U {rV} U {(63:%, B2(62%)) | n <
w, §<wi-wi}U{{UN NTotw) | n <w} and apply the analog of Lemma 2.9
to obtain the contradiction. So (8:%)" exists for all but finitely many n’s.

Since the sequence (N; | i < w;-wj) is increasing and continuous the same is
true for a club many N;’s and with (85%)V: = (8:*)N. Now, as in Lemma 2.10.2,
we obtain a contradiction, since ~(b) was used a lot of times in the definition of
(Nili<wy-wr). ]

Using Claim C, it is not hard to prove the following analog of Lemma 2.10.2.

CLAIM D: There exists a sequence (3;:* |n < w, a < w;) so that for every N’
there is N as in Claim C, so that for every a < wy, 3% = (8%*)N holds for all
but finitely many n’s.

CLAIM E: For every § < N, for every N' there exists N 2 N’ so that for every
a < wy, (BN = Bz and 62V > B:> + § holds for all but finitely many n'’s,
where 65N = sup {8V (1) | 7 € C N Toyn41 — mind2N }.

The proof is similar to Lemma 2.11 and we leave it to the reader.

The proof of the proposition follows now from Claim E as in the Rg-case.
Notice only, that all but countably many 7,’s remain indiscernibles for k in any N.
So ANTayw € F(Tatw, B2% +6) for wy a’s, will imply that A € F(k, ) for some
B = B* + 6, where 8* is the maximal ordinal below 3 such that A* € F(x, 3*).

The proof that cf o* = w generalizes straightforwardly to the w;-case, just
in Lemma 2.16, involves 3%(—)", 3**(=)" for every a < w; and use Claim B in

the construction of the sequence of models there. |

THEOREM 2.18.0: Suppose that NS§° is precipitous and the empty condition
forces “k > (2*)*”. Then there exists an up-repeat point.

Let us assume now that NSX° is precipitous and in generic extensions by
NSR always & > (2¢)*. Then it is possible to strengthen Lemmas 2.1 and 2.2
as follows.
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LEMMA 2.18: There exists a sequence (T, | n < w) such that for every club
C € V a final segment of (1, | n < w) satisfies the conditions (i), (ii), (iv) of
Lemmas 2.1 or 2.2.

Proof: Suppose otherwise. Let (C, | ¥ < (k*)V) be an enumeration of a
generating family of clubs in V so that C, — C,, is nonstationary for every
v > /. In a generic extension V[G] of V by NS¥° construct an elementary chain
(Nulv< ((2“’)+)V[G]) so that

(1) Ny 2 Uy, (Nor U {aY1),

(2) IV < (24)V14),

(8) “N, C N,

(4) for every v > V' there exists n(v',v) < w s.t. (i) for every n > n(V/,v)

N < ' and (ii) for infinitely many n’s Vv < e

Start with any Np s.t. Co € Ny and satisfying (2), (3). By the assumption
there exists u1 and N’ s.t. C,, € N' and (1) | n < w), (r¥' | n < w) satisfy
(4). Pick 7V as large below 7¥° as possible.

Pick N; to be some N s.t. N D NoUN'U{rNo N1} “N C N, |N| < 2v.
Suppose that (N, | v < 7) and a subsequence (C;, | v < &) of {(C; | i < (k*)V)
are constructed, C;, € N,. If 7 is a successor ordinal then define N;; as above.
Assume that 7 is a limit ordinal.

Since k changes its cofinality to w still remaining > ((2“)+)V[G], the co-
finality of (k*)Y should be > (2“)* in the generic extension. So the sequence
(iv | v < D) is bounded in (x*)Y. Let i; = min ((x*)¥ — U, ;i) Pick Ny to
be any N satisfying (1)-(3) and containing C;,. Then C;, is almost contained
in every C;, (v < 7). So (4) is satisfied since ¥ is a limit ordinal. It completes
the construction of (N, | v < (2*)*). Define now a partition f: [2“’+]2 — w
f(V',v) = min{n | > 7.Nv}. By Erdds-Rado, there exists a homogeneous set
of cardinality 2¢ for f. But it is impossible since there is no infinite decreasing
sequences of ordinal. Contradiction. 1

We would like to show that there exists an up-repeat point. Suppose
otherwise. Pick a sequence (1, | n < w) as in Lemma 2.18. Let a* be as
defined above. Let us deal with o* itself.

LEMMA 2.18.1: For all but finitely many n’s cf 7, > Ro.

Proof: Suppose otherwise. Fix some N with (7, | n < w) € N. Suppose for
simplicity that each 7, has cofinality w. Then (3*(7,))" is defined for every n.
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Now pick some D € F(k,a*) s.t. D ¢ F(x,(8*(m.))"). Replacing now A* by
Dn A*, we find a club C’ which avoids 7,,’s. This means that (7, | n < w) can be
replaced by a smaller sequence, which contradicts the choice (7, | n < w). |

Remark 2.18.2: Using a similar argument it is possible to show that (7, | n < w)
should satisfy the condition (iii) of Lemma 2.1 or 2.2.

Consider now a few cases. We preserve the notation used above.

Case 1: cf a* = «%. Define a chain (N, | ¥ < w;) of submodels in M so that
() No 2 Uyrc, (N U{RN}),
(i) BzNv ¢ U{BxNv' | v/ < v} for all but finitely many n’s.
In order to insure (ii) notice that there exists a set 4, € F(x, a*) such that
A, C A* and A, ¢ U{F(x,8.N) | n < w, V' < v}. Replace A* by A, and
define N, according to A, .
Finally, set N =, ..,
ing sequence of indiscernibles {gm | M < W} C (Tng, Tno+1) With (B*N (um) | m <
w) also increasing. But it is ng impossible by Lemma 2.9.

N,. Then for some ng < w there exists an increas-

CASE 2: cf o* = . Let (C) | v < kt+) be the coherent box sequence over «
in IC(f ), i.e., O.+-sequence such that O,+-sequences of ultrapowers by measures
over k are initial segments of it. We refer to Schimmerling [Sc| for the fact of
existence of such sequences. For v < kt+, § < k% let CZ(6) be the §’th element
of CT if there exists such an element.

Pick, in K(F), sets (A(6) | 6 < k) such that A(6) € F(k,CEL(6)) and A(6)
does not belong to any F(k, 8) with 8 > CL.(6). It is possible since we assumed
that there is no up-repeat points.

We’ll use the sequence (A(6) | § < k) instead of A*.

Let N be a submodel. Suppose that (u, | » < w) is a sequence of indis-
cernibles for « s.t. yu, € (mind?,7,), where dV is as in Lemma 2.8. Let n < w.
Set m(n) to be the least m so that CL.(r,,) # CED.(#n)(Tm). Pick a set A, €
F (8, C2 (Tm(n))) = F (5, C5. s (Fen(m)s An € A(Tmnmy)- Let A7 € F(k,a*) be
aset of all §, Tp(n) < < k8.t An N6 € F(6,C, & (Tm(m))). Since f £+ > w,
there exists a set A* € F(k,a*) which is almost contained in every A and does
not belong to any measure above a*. Define B(A*) in KX(F) to be the set of all
6 < k such that there exists largest 6* < § s.t. A*Né € F(6,6*) and cf 6* = k.
Then A* U B(A*) belongs to all relevant measures and hence contains an w-club.
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Define now a chain (N, | 2 < w;) and sequences (pn, | 7 < w,v < wy),
(A, | v <w1), (Cy | ¥ < wi) so that
(0) (A(8) |6 < k) € No,
(1) Ny 2 Uy (Nor U {11},
(2) for n < w, if 7, is an indiscernible for « in N, then (u,, | n < w) is a
sequence of indiscernibles for x in N, s.t. pn, € (mindY,7,) otherwise
Py =0,
(3) A, = (A*)M+, i.e., defined as above using N, and (g, | n < w),
(4) C, C A, UB(A,)isaclubin V,
(5) A,,C, € Nuyq,
(6) A, is almost contained in A,/ and C, in C,s for V' < v,
(7)
(8)
(9) N,

(dn Nt | n < w) is defined as in Lemma 2.8 using C,,
Pny4+1 > bny for every n < w, v <v,

»+1 satisfies conditions (a)-(e) from page 77 with C replaced by C,, A
by A,.
Set N =, .,
ordinals and ng < w such that for every v € S, every n > nyp, the following

N,. Find § C wy of cardinality wy consisting of successor

conditions hold:
(a) 7. is an indiscernible for « in N, and in N,
(b) pny is an indiscernible for x in N and 8" (tn) = B (pins),
(c) the support of A,_; in N and N, is below 7,,.

Pick an increasing sequence v; < vy < -+ < v < -+ of elements of §
and some n > ng such that mindY < gy, < flay, < ¢ < fny, < --- . Let
us denote pin,, simply by pe. BN(p1) < BV (u2) < -+ < BN (mx) < --- by the
definition of @Y. Set p = Uy, - Then without loss of generality BN () < a*,
since otherwise just replace n by some n’ > n. Recall that by the choice of o*
it is impossible to have an unbounded in x sequence of indiscernibles x with
BN (u) > a*.

By the choice of ux (k < w) and (c), Au,—1 € F(k,B* N (ui)). Let
i < j < w. Since by (6) A4,,_, is almost contained in A,,, A,, € F(x, "N (u;)).
But A,, = (A*)«. Hence (A})N« is almost contained in A,. So (A )N"i €
F(r, BN (1)) ThenAn"’ € F(k,C ‘N(u )(Tm(n ))- But A M ¢ F(k,C ,N(# ))
(Tm(n))- Hence C o () (Tm(n)) > BN (us), since between Cﬂ,,\,(# }(Tm(x)) and
BN (u;) there is no measure to which A(7(n)) belongs. Pick the least i <w s.t.
Cg-n(u)(Ta) < Co» (7). Then for every k <w (Tm(n))N“k < 75, 0 for every i <
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j<w, BN (p) < CE,N(H]_)(Tﬁ). But then ;. 8" (1:) is bounded below 5*N (u),
since otherwise A(7;) would belong to unboundedly many in 8*"(u) measures,
which contradicts the choice of A(75). This is impossible by (9). Contradiction.

CASE 3: cf a* < k or o* is a successor ordinal. Similar to Cases 2 and 3.
This completes the proof of 2.18.0. 1

Lemma 2.18 can be used to show the following

THEOREM 2.19: Suppose that NS, is k*-saturated for k > (2¥)*. Then 3k

O(x) = k¥ in an inner model.

Proof: Suppose that -3k O(x) = k**. By Shelah [S], x is weakly inaccessi-
ble. So k > (2¢)*. Then the empty condition forces “x > (2)*”. Hence the
condition Lemma 2.18 is satisfied if « changes its cofinality to w in a generic

ultrapower.

CLAIM 2.19.1: « changes cofinality to w in a generic ultrapower using the least

relevant measure.

Proof: Suppose otherwise. Let M be a generic ultrapower using the least rele-
vant measure. kt-saturatedness implies that the total number of relevant mea-
sures is < K.

Pick a sequence (A4, | v < k) of disjoint sets s.t. A, belongs to »’th relevant
measure and min 4, > v. Then A = |J, ., A, contains a club and at least one of
the A,’s remains stationary in M. Let A,, be a stationary in M. But then v-th
relevant measure can be defined in M as the filter dual to NS, |4,, = {B C & |
BN A,, is nonstationary}, which is impossible. Contradiction. [ |

Let M be a generic ultrapower using the least relevant measure. By the
claim and Lemma 2.18 find the sequence (tn | n < w). Let N be a submodel
of Hy+ (in M) with (7, | n < w) € N. By removing an initial segment of 7,,’s
assume that all 7,,’s are indiscernibles for ZV. Assume also simplification of the
notions, that &N = k.

Consider the set {8V (r,) | n < w}. By «*-c.c., find a set A in K(F) of
cardinality < & containing {8" () | n < w}. Pick A such that |J A < the least
relevant ordinal. Find a set B in the intersection of all relevant measures which
does not belong to |J{F(x,a) | a € A}. Then B contains a club C in V. Pick
now N; 2 NU{RN}J{B, C}. The final setment of (7,, | n < w) does not belong
to B and so also to C. But C is a club. Hence there is ng < w such that for every
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n > ng, C is bounded in 7,,. But it contradicts Lemma 2.18. Contradiction.
[ |

3. Constructions of precipitous ideals

Denote by NS3¢ the ideal NS, |[{a < & | @ is singular and (cf o)t < x}. Our
aim will be to prove the following.

THEOREM 3.1:
(1) Suppose that there exists an (w, s +1)-repeat point at s in X(F). Then in
a cardinal preserving generic extension “GCH + NS, is precipitous” holds.
(2) Suppose that there exists an (w, k*)-repeat point at k in K(F). Then in a
cardinal preserving generic extension GCH + NSiing is precipitous holds.

THEOREM 3.2:

(1) Suppose that for a regular cardinal A < « there exists an (w, A + 1)-repeat
point in IC(f ). Then in a generic extension, preserving all the cardinals
< A, “6 = AT, NS, is precipitous and GCH” holds.

(2) Suppose that for some regular A < & there exists an (w, A)-repeat point at
K in IC(f ). Then in a generic extension, preserving all the cardinals < A,
“ = A+, NSSi"¢ js precipitous and GCH” hold.

Suppose first that a is an (w, x + 1)-repeat point at « in K(F) = V. Force
first with the forcing P, defined in [G2-3]. This forcing adds Prikry, Magidor or
Radin sequences to every § < k with o* (6) > 0 and it satisfies k-c.c. Let Q. be
the Backward-Easton iteration over VP= which adds 6+ Cohen subsets to every
regular § < k with o* (8) > 0. Fix a generic subset G * H,. of P *Q,. The filter
F=N{F(k,B8) | a £ 8 < a+«k*} is still precipitous in V|G, * H,] since, by
Magidor [Mal], k-c.c. extensions preserve precipitousness. We shall shoot clubs
through every set in F’, then through the sets of generic points and so on.

In order to preserve precipitousness we shall show that each elementary
embedding by F(k, 3) can be extended at each stage.

The situation here is similar to those of [G1-2]. Let us concentrate only on
the additional arguments needed in order to apply the forcing of [G1].

Let jg: V — N ~ V*/F(k, ) be the canonical elementary embedding,
where 8 < 0% (k).
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LEMMA 3.3: Let 8 < Of(n) and P(k, B) is the forcing used over & in jg(Py).
Then kg xpp) (i | i < cf k) | forevery j < cf k (g: | i < j) € Hc} is

a NZ;‘ *PU=B) _generic subset of Q,”, where H, stands for the canonical generic

subset of Q, over VP~.

Proof: If the forcing P(k, B) preserves regularity of x then the lemma is trivial.
Suppose that |Fp, 5 “cf & < £” and that the statement of the lemma is false.

Let {g,p) € Q« x P(«,B) forces the negation. Pick a generic subset G of
P(k,8) with p € G. Find also a generic subset H of Q, for Q., as it is defined
in V[G,,G]. Let ¢ € H. Consider the set H = {s|li | s € H, i < k}. Clearly
q € H. 1t is sufficient to show that H is a generic subset of @, in the sense
of V[Gy]. Let S be a maximal antichain of Q¥ “*. Since & is a measurable in
V|G|, for some regular i < k, S C Q;. Hence SN H # 0. Then also SN H #0

since SNHCSNH. 1

Let E € (\{F(x,8) | a < 8 < a+x*}. Define, in V|G, H), P[E] to be the
forcing notion consisting of all d C E, |d| < « and d is closed. For dy,d; € P[E]
set dy < dy (ds is stronger) if d; is an end extension of d;.

o is a kT + l-repeat point, hence there is 3 < a s.t. 8+ kT + k* < o and
E e {F(kB)|B<B <B+~kt}. Then the set E(x*) = {§ € E | there is
§s.t. 0F(8) =&+ k* and 6N E € ({F(6,8') | § < & < §+ x*}} belongs to
F(k, B+ KT).

LEMMA 3.4: For every 6 € E(x*) there exists a V|Gs, Hs|-generic subset of
P[E n 6] inside V[Ga.}.], H5+1].

Proof: The forcing Ps,.,/Ps shoots a Radin club through F N é without adding
new bounded subsets of § (see {G2-3]). Hence ENé contains a club in V[Gs41, Hs)
and the forcing P[E N 6] is the same over V[Gjs, Hs] and V{Gs41, Hs). But then
P[E N §] is isomorphic to the forcing for adding a Cohen subset of §. So there
exists even a V[Gs41, H;) generic subset of P[EN 6] inside V[Gs41, Hs11). |

Let Gy1 X Hiy1 be a Na-generic subset of Pryy X Quqq, for some S,
a< fB<a+kt +1. In view of Lemma 3.3, let us not distinguish between H,
and Hy|x.

LEMMA 3.5: There exists a V{G, H,|-generic subset of P[E] inside
Ng[Guy1, Heg]
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Proof:  The proof is by induction on 3. Let us consider only the first step
B = a+ 1. The rest is as in Lemma 4.1 of [G2].
Note that ¢f kK = w in No41[Gey1, He]. Let (7, | n < w) be increasing
and unbounded in a s.t. E(k") € F(k.v,). It exists since a is an (w, &t + 1)-
repeat point. Pick an increasing unbounded in & subsequence (6, | n < w) of
the generic sequence such that §,, corresponds to the measure F(&,v,). Without
loss of generality assume that all 6,,’s are in E(x%). Using Lemma 3.4 construct
a sequence of closed sets (C,, | n < w) so that
(1) C, € V[Gs, 41, Hs,+1] is a V[Gs, , Hs, |-generic club through E N6y,
(2) Cny1 is an endextension of C,, U {6, }.
Set C = |J,,,, Cn. Let us show that C'is a Ny [G«, H.]-generic club through
E. Let D € V|G, H.] be a dense open subset of P[E]. The set of {’s such that
DNPIENE] € V[Ge, He] and DN P[ENE] is a dense subset of P[EN{] contains
a final segment of §,,’s. But then C is an endextension of an element of D. 1

Let E, be another set in ({F(x,7) | @ < v < a + x*}. Suppose that
E,CE.

LEMMA 3.6: Suppose that C € Na|Gr41, Het1] is a V[G., H]-generic club
through E defined as in Lemma 3.5. Then there exists C1 € No[Gry1, Hey1] a
V[Gx, Hy, C)-generic club through E;.

Proof: Let (v, | n < w), (6, | n < w) be the sequences used in the definition of
C in Lemma 3.5.

For every n < w there is ¥ < 7, such that Ey(x%) € F(k,7). Then the
set E = {6 < x| for some 7 < Of(é) Ei(k*) N6 € F(6,7)} belongs to
Nicw F (5, 1)- N

So the final segment of (6, | n < w) is contained in E. Suppose for
simplicity that every 6, is in E.

CramM: There exists a subsequence {8} | n < w) of a generic sequence to x such
that
(1) Un<w 63; = K,
(2) 6 <,
(3) CN6L isaV[Gs, Hs ]-generic club through EN &y,
(4) in VI[Gs, 41, Hs,+1) there is a V[Gs1, Hs:,C N &8})-generic club through
E;nél.
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Proof: Let C be a Q.-name of C over No[Gxy1]- Let {gn | n < w) be a condition
in @, such that gn € Qs,+1- Denote by p,, the part of ¢, in Q5,41 — Qs,,. Thus
pn € V[Gs, +1, @s,.] is a function from a subset of 4, of a cardinality less than 6,
to {0,1}. Actually only p,’s are used in the definition of C in Lemma 3.5.
Since 6, € E, Ei1(kT)N 6y, € F(by,v) for some v < Of(én). Then there
is an element 8! of the generic sequence of 8, such that sup(p,) < 8! < 6,
and 6 € Ej(k%). As in Lemma 3.5, then there exist C,, and C} so that C, is
a V[Gs1, Hs J-generic club through E N} and C; is a V([Gs:, Hsy , cp]-generic
club through E; N §.. Extend now p, to p,, which forces “¢, C C”. Let ¢ be
the condition obtained by replacement of all p,’s by pl’s. Then~ q' forces the
statement of the claim. Since ¢ was arbitrary, the empty condition forces the

same. [ ]

Let (6% | n < w) be as in the claim. Let C} be a V([Gs1,Hs1, C N6}
generic club through E; N6}, for every n < w. Assume also that C1,, is an end
extension of C}. Set C; = (JC!. Let us check that C; is a V[G., Hy, C]-generic
club through E;.

Suppose that D € V[G,, H,] is a P[E]-name of a dense subset of P[E].
The set of £’s such that D NP[E1N¢E] € V[Ge, He] and D NP[E;N£] is forced by
the empty condition to bNe a dense subset of P[E; N¢] cgntaining a final segment
of 6)’s. But CN &) is generic. So DN P[E;Né}] is dense in V[Gs:, Hs1,C N 6L

Then C; is an end extension of an element of D. [ |

The rest of the construction is as in [G2].

In order to obtain a model with NSii"g-precipitous for inaccessible &, use
the construction above. Only (w, k*)-repeat point is needed here since there is
no need to care about regular limit points of the clubs.

Let now A be a regular cardinal below k. First use the forcing P.. Then
collapse x to A* by the Levy collapse. Now it is possible to force generic clubs.
The Levy collapse is used to pick such clubs replacing the forcing @, used above.

4. Presaturatedness of NS,

In this section we will give a rather sketchy construction of a model of ZFC+GCH
with NS, presaturated for an inaccessible k. Only new points which do not
appear in the constructions of precipitous ideals will be emphasized. For the rest
we refer to [J-M-M-P] and [G2]. Recall that an ideal over & is presaturated if it
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is precipitous and the forcing with it preserves all the cardinals except perhaps
K itself.

Suppose that a* is the least up-repeat point at « in K(f ) = V. Let & be the
least ordinal < Of(K,) such that for every A € F(k,a*) there is 8, o* < 8 < &
and A € F(«, (). Suppose for simplicity that & = o* (k).

4.1 THE PREPARATION FORCING. Define first the iteration P, for o in the
closure of {3 < k| B is an inaccessible or 8 = v + 1 and « is an inaccessible}.

On the limit stages take the limit defined in [G2]. Suppose that a is an
inaccessible and P, is defined. Define P,41. Let C(at) be the forcing for adding
at-Cohen subsets to o, i.e., {f € VP | f is a partial function from at x a into
a, ||V < a}. Pay1 will be Py x C(a*) x P(a, 0% (), where P(a, 0% (a)) is
a forcing for changing cofinality which is slightly different from those of [G2,3]
used in section 3. We refer to [G2,3] for the detailed inductive definition and the
properties. Let us just describe the changes we need to make here.

Define U{a,¥,t) which will be the ultrafilter extending F(c,v) for v <
Of(a) and coherent sequence ¢. Let jg: V — Ng ~ V*/F(a, ) for 8 < Of(a).
Pick some well ordering W of V), for a big enough X so that for every inaccessible
8§ < A, W| Vs Vs & 6. Let v be some fixed ordinal below Of(a). Drop for a
while the indexes a, v in j§, NJ.

Let (A | 7' < o) be the j§(W)-least enumeration of all canonical P, *
C (a"’)—nan;as of subsets of a.

Over N7(P=) define an increasing sequence (g v |7 < a™) of conditions in
7(C(at)) deciding the statement “B € j(Ay)” (8 < a, 7' < a*). Let us pick
in the definition always j&(W)-least extengion. Let us now make changes in the
sequence (yy |7 < at).

Define a sequence (P y | 7' < a™) of elements of Pj(q)/Pa+1 so that

(1) for alimit 7' < a* |T£ - is the j(W)-least Easton extension of (1~7 w7 <

P)Pers =1,

(2) for every v/ < at || P41 is the j(W)-least Easton extension of P y decid-

ing ‘Y lFae J(Ay) et = 1.

For a subset A of; set A € U(a,v,t) if for some r in the generic subset of
Py x C(a™), some v/ < at, a name A of A and a P, * C(at) name T, in N

TU{<i’Z>}Up7' Uy‘Y'“_ (é,d) € J(é) .
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Let us consider now the ultrafilter U(c,~,t) x U(a, 6, ¢) for some ¢ and 4.
Let
&V — M~V /F(a,7) x Fla,6) .

Then A € U(a,v,t) x U(a, 6,¢) iff {¢| {u] (& 1) € A} € U(a,6,6)} € U(a,,t)
iff {€ | for some r in the generic subset of P, x C(a™), some ¥ < a*, a name
A of A and a P, *x C{a*) name T, in N, rU {(¢,Z‘)} Upy Uy [—((, &) €
j?(A)} € U(a,,t).

Fix some name A of A. For each £ < a pick a maximal antichain {r” |pe
I¢} of elements of P, * C(a™) so that each r{ decides in Nj* the statement “for
some 7; < o, some T (¢,~ YUPy: Uy |- ||—(§, ) € j§ (,:1 ). Since PoxC(at)
satisfies a*-c.c., 7{’s can be fixed. Denote Ul | € < a} by 7(a). Then,
A e U(a,v,t) x U(a, 6, ¢) iff there exist r; in the generic subset of P, * C(at),
71 < at and a P, * C(a*) name T1sothatin N, 71 U {(5,2’1)} Upy, Uy, [I—
(for some p € j(I.) s.t. r4 is in the generic subset of P;q) * C(j(a™t)) 7% forces
in M “for some T, (¢,Z’) Upj(w(a)) U yj(.y(a)) (&, j(a)) € j(é Y3

Note that it is possible to replace v(a) by 7.

Consider now U(a,v,t) x U(a, 7, ¢). Let k: V[Gq, Hy] — N*[Gr(ays Hi(a))
be the corresponding elementary embedding, where G, * H, is a generic subset
of Py * C(a*). Let us change one value of the function Hy(4)(0) so that it will
take o to [idy], where idy(7,v) = v . Fix some h: a* < v, h € V. For 6 < 7 let
mys be a projection of U(a,~, @) onto U(e, §, ¢). For every 6 < at change one
value of Hy(a)(k(6)) so that it will take a to [m4(s) 0 id2].

Denote by I_ik(a) the changed Hp(q). By the arguments of Woodin see
[Sh-W], Hy(q) is still generic. Let k: V|G, Ho] — N*[G(ay, Hr(a)) e the
appropriate elementary embedding. Define an ultrafilter U(a, v, ) as follows:

A€ Ul(a,1t) iff ack(A).

Use (U(a,7,t) | v < Of(a), t a coherent sequence) in the forcing ’P(a,Of(a))
instead of just (U(a,7,t) |7 < OF (@), t a coherent sequence) used in [G2)].

Set Poat1 = Po * Clat) x ’P(a,Of(a)).

It completes the inductive definition of the iteration P, (x < k).

Over VP=*C(~%) force with the forcing Q. defined in section 3. Let
G » Hy * F,; be a generic subset of P, x C(x*) * Q,. The model VI[G. * H, % F,]
is the desired preparation model.
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4.2. THE MAIN FORCING. As in section 3 we would like to shoot a lot of clubs
in order to make NS, presaturated. But now we need to destroy much more
stationary sets. Analyzing the forcing with NS, of section 3 it is not hard to see
that k, kt are collapsed to w. One of the reasons (there are many others) is that
the forcing for shooting a club in the ultrapower N for j(k) actually shoots a club
into a nonstationary set. Since cf (j(x)) = ¥ (in K ()) and we are shooting
clubs into sets A consisting of regular in IC(f ) cardinals, so j{A) consists of
ordinals of cofinality x*. But {3 < j(x) | ¢f 8 = k*} is nonstationary in V.

In order to eliminate this situation let us insure from the beginning that
j(k) (for a generic j) will be a limit of indiscernibles which are almost contained
in every j(A) whenever a club should be shot through A.

By [G5], (U(k,7,9) | ¥ < O(x)) forms a Rudin-Kiesler increasing sequence
in V|G, * H,]. Let us pick (U(x,7,4) | ¥ < a*) and form a direct limit of the
ultrapowers, where o* is an up-repeat point. It is well founded and closed under
k-sequences since ¢f o* = k*. Using the method of [G5] we’ll turn this direct
limit into usual ultrapower. But first let us define filters (W (k, 8) | 8 < O(k)).
Set A € W(k,p) iff there exist 7 € G, * H, *x F; and v < k% so that in Nj,
TUlpu g Upy Uy, lFRE ]E(é)

It is easy to see that every W (k, 8) is precipitous and the forcing with it is
isomorphic to P(k, 8) followed by Q;(.)/Qx-

Fix some 8 > a*. Consider the filters Wk, 8) x U(x,~, ¢) for v < 8.

They still form a Rudin-Kiesler increasing sequence. We are interested in
Wk, B)x the direct limit of (U(k,7,4) | ¥ < a*)), since j(x) in the ultrapower
will be a limit of indiscernibles. Let us use the generic functions H, in order to
turn W (x, 8)x direct limit of (U(«,7,¢) | ¥ < a*) into a normal filter.

Denote by i5: Nj — MP ~ (Ng)js(")/jg(L{(n,'y,(D). Then, as in 4.1,
A € W(k,B) x U(k,7,¢) if there are ry € Gy x He * Fc and 71 < &% so that
in N5, 71U 1lp(p) UPpy, Uyy, Ik for some p € j5(Ic) s.t. 74 is in the generic
subset of P\ * C(jB(x%)) r4 forces in MZ “for some T (¢,Z‘) U Pj(y) Y
Vi (R, 35(R)) € (4).

Let us change values as in 4.1 but only for the functions with indexes in
h~1"(y) (where h: k¥ «— %). It is equivalent to change of y,’s. Namely,
if h(§) < ~ and 4,(§) € dom ;i) (¥ < F), then change y;(y)(i4(6)) to
in(Tyn(s) © id2) (K, 35(K)) = iy(Myn(s))(F5(K)). Let us denote the changed g, by
the same letter.
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We are not interested in all the information y;(,)’s give; the important part
is ;| R (7).

Define the set W*(x, 3) as follows:

A € W*(k, 8) if for some v < a* there are ry € G, x H, x F; and 4; < k%
so that in Nj, 71 U lp(xg) U py, Uy, I “for some p € j5(Ic) s.t. r§ is in the
generic subset of Pja ) *C(jB(k*)) 7t forces in M “for some T (¢, T YUpj(y,)U

Yien) W' (0) =R € 5(A)"
LEMMA 4.1: W*(k, ) is a filter in V|G, x H, x F,;].
Proof: The following is sufficient.

Cramm: Let A C k. If for some v < o* there arety € G * H, x F, and 7; < k%
so that in N2, r; U lp(. ) Upy, Uy, IF “for some p € j5(Ic) s.t. £ is in the
generic subset P.g .\ x C(jE(x¥)), 7% forces in Mf “for some T

(& T) U pjgian) Uiz BT (1) 5 € i5(4)

then for every 6, v < 6§ < a* the same statement holds with ~ replaced by é.

Proof: Consider the set B = {(v,n) € []? | for some r € (G, * H. x F)| n, some
T st. r|—“¢,T) € P(n,0(n) and p,,,y,, defined using the well ordering

until the step vi, r{J{{(¢,T)}Upy, Uy "1V} —P € A}

Extend W*(«, 3) to n—~complete ultrafilters W1, W5 in aNreasonable fashion
fixing respectively v and §. Then B € W;. Using W <gx Ws, the image of B
in the ultrapower with Wy will have the same description as in the ultrapower
with Wi. Hence B € W5. Now use the definitions of B and W,. [ |

LEMMA 4.2: W*(k, ) is a normal filter.

The proof is routine.

1t is not hard to see that the forcing with W*(«, 8) is isomorphic to P(x, 8)*
(a part of C(j(k%))* (Qj(x)/Qx)), Where j(x) is the same as the image of k under
U(k, B, ¢) followed by the direct limit of (U(k,~,¢) | v € a*). Since the forcing
above preserves all the cardinals, W*(k, 3) is presaturated.

Now we have to shoot clubs through sets in W(x, 3) for a lot of #’s and
iterate this process. Why is it possible without collapsing cardinals?

Consider for a moment ultrapower with U(x, 3, ¢)xU(k, a*, ). The forcing
which is used over j(x) there is based on the image of (U(k,v,t) | v < a*).
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The candidates for shooting clubs will always be in an intersection of a closed
unbounded part of U(k,~, ¢)’s or their extensions. So this forcing will actually
be closed from outside.

LEMMA 4.3: a* is an up-repeat point for (U(k,v,¢) | v < O(x)).

Proof: Let A € U{k,a*,¢). Find some r € G, * He, ¥ < k*, T, A so that in
N5, T U8, T)} Upy Uiy — R € 57 (4)".

Consider the set B = {a < k| r| aU (¢, T |a)U “& € A"}, where r| o,
Z“ | @ are the natural restrictions to a and Py, yf;,Nare defined o:rer « in the same
fashion as p.s, ¥ were defined over «.

Clearly, B € F(k,a*). So for some 3, a* < 8 < O(k), B € F(«, ).
But then in Nj, rU{{¢,T)}U pf, U yfj, I “k € §8(A)". It means that
AcU(k,8,4). N i )

Notice that (U(k,~, ¢) | ¥ < O(x)) is not a coherent sequence. So the next
lemma does not follow directly from section 1.

LEMMA 4.4: IfA € ﬂa.<ﬂ<o(n) U(k, 8, ¢), then for some T < o*

A € n U(K,ﬁa‘b).

T<p<La"
Proof: Suppose otherwise. Consider the set B = {a < & | for every § < & some
member of the generic sequence to & above § is not in A}.
Then B € U(k,a*,¢). By Lemma 4.3, B € U(k, 3, ¢), for some 3 > o*.
But then A ¢ U(k, 3, ) for unboundedly many 8 < S, since (U(k,v,9) | v <
O(k)) forms a Rudin-Kiesler increasing sequence with projections on the generic
sequences. See [G5] for more details. |

Now for which @’s will W*(x, 3) be used? It is impossible just to use
N{W*(k, B) | a* < B} since we need for precipitousness a separating family, i.e.,
aset (Ag | B > a*) s.t. Ag € W(k, B) and does not belong to the rest of the
filters. But already the sequence (F(k, 8) | 8 > a*) contains weak repeat points.
Let us remove all redundant §’s.

Let (A, | ¥ < k*) be an enumeration of a generating family of F(k, a*) so
that |A, 41— A,| < &. Define by induction sequences (7, | v < &), (8, | v < &%),
a* < B, < O(k). Let B be the least ordinal above a* so that Ag € F(k,8).
Set 75 = 0. Let 7; be the least successor ordinal v so that A, ¢ F(x,5:1). If
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v = v’ +1, then let 3, be the least ordinal 3 above 3, so that A, , € F(«, ).
Let 7, be the least successor ordinal v s.t. A, ¢ F(k,5,).

For a limit v, pick 3, to be the least ordinal 8 > J, <y Bu s0 that
AUVI<., i € F(k, B). Define 7, as on the successor stage.

Let B = {B, | v < k*}. Then for every A € F(x,a") there is 3 € B so
that A € F(x,[). Also (k — A,, | v < k1) is a separating family for (F(x,3,) |
v < kt).

We would like to add to B more ordinals, preserving the separation prop-
erty, namely for every 3 € B a closed unbounded subsequence of (J,.+ sequence
to 3. Let (C% | a < «*F) be the O,+-box sequence. By Section 1, cf o* = x*.
So every A € F(k,a*) belongs to unboundedly many measures in 6, for a closed
unbounded set of 6’s in C§.. Let us assume that (A, | v < k*) was picked so
that for every v < k¥, {8 < k| A, N (3 belongs to unboundedly many in é
measures for a club of é’s in C? )} 2 Avpr.

0% (s
Now add to B for every v < &% a club of f's in Cj s.t.

(1) 8> ma‘x(Uu’<u By a®),
(2) there exists a maximal v < /3 so that AU.,/<u -, belongs to F(x, v).

Denote the set obtained so by B*. By the construction, the family {(F(x, ) |
«v € B*) can be separated.

Applying arguments of section 1, it is not hard to see that if A € ({F (%, ) |
7 € B*}, then there is a club C C C%. so that A € N{F(k,7y) |7y =a*ory€ C}.

Let us use the filters (\{F(x,0) | 8 € B*} and (N{W*(x,8) | B € B*} as a
basic one for shooting clubs. The forcing applied here is analogous to those used
in section 3 and in {G2]. One new problem appears in the present context: which
projection of the forcings P(k, ) * Q.+1/Q. onto the forcings for shooting clubs
to pick. It was not important for constructing precipitous ideals, since cardinals
there may collapse. And this actually happens if the projection is picked in a
generic way as in section 3 or [J-M-M-P] or [G2]. The simplest thing to do is
just to fix some projection from the beginning. The problem is that this adds
new stationary sets into the filters and it is unclear how to turn them into clubs
without collapsing cardinals. So let us do something in the middle. We will turn
the forcing for choosing the projection into an atomic one.

Denote by B, all the elements 8 € B* so that otpC§ = a, for every
a < k*. Let (Ro | @ < k™) denote the iterated forcing for shooting clubs over

V|G * H+ Fy]. Let a < k% and 8 € B,. We project P(x, 3) onto R, free. But



108 M. GITIK Isr. J. Math.

for ¥ > a fix some canonical projection of P(«, §) / R, onto R,. Note that on
each stage v of the iteration (R | £ < &%) only projections for 3’s in B* with
otpCj < 7 are fixed. But such elements appear only on an initial segment of the
Radin clubs. So it still leaves enough freedom for shooting clubs.

5. What can happen over a measurable?

Let us start from saturation. By Namba [N], NS, or even NSB®6 = NS | (regular
cardinals) cannot be saturated over a measurable k. Consider the following
weaker notion.

Definition 5.1: An ideal I is densely saturated if for every I-positive set A there
exists an I-positive set B C A so that I| B is saturated.

Clearly, saturation implies dense saturation and dense saturation implies
presaturation.

We do not know whether full nonstationary ideal or NSSi"8 can be densely
saturated. But NSR® can be even saturated; Jech and Woodin [J-W] have shown

the consistency of “NSF¢9 saturated” follows from that of a measurable cardinal.

THEOREM 5.1: “NSSeg is densely saturated over a measurable k” is equiconsis-
tent with a weak repeat point.

Proof: 1If NSE‘eg is densely saturated over a measurable x, then it is precipitous.
But by [G#] it implies a weak repeat point over x.

On the other hand, if there exists a weak repeat point over x in IC(]-: }, then
use the construction of Jech-Woodin [J-W], only each stage a < & of interaction
shoot clubs into sets in ({F(a,8) | B < O(a)} and the filters generated by this
filter. |

Turn now to presaturation and precipitousness.

Definition 5.2: Let us say that 8 < o* (k) is a weak repeat point above a if for
every A € F(x, () there is v, o <+ < B so that 4 € F(x,7).

THEOREM 5.3: Suppose that there is no inner model of 3kO(k) = k*+. Then

the following holds.
1. If NSQ is precipitous (or presaturated) over a measurable x for some A < K
then, in K(F), there exists a measure concentrating over (w, < k)-repeat

points (or up-repeat points respectively).
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2. If NS, is precipitous (or presaturated) over a measurable « then, in K(F),
there exists an (w, < k)-repeat point (or an up-repeat point) with a weak

repeat point above it.

Proof: For (1) just note that NS will be still precipitous or presaturated in the
ultrapower. Let us prove (2). Let j: V — M be the ultrapower of V by a normal
ultrafilter over x. By [Mil], j| K(F) is an iterated ultrapower. Let F(k,3) be a
measure used to move k. So j(F)| (k + 1) = F| 8. By section 2, there exists an
a < 8 which is an (w, < k)-repeat point if NS, is precipitous or up-repeat point
if NS, is presaturated. If there exists a set A € F(x, ) which does not belong
to any F(k,~) for a < v < 3, then F(«, ) can be recovered in M from NS, | A.
|

THEOREM 5.4:
(1) If there exists a measure over x in K(F) concentrating over (w, k*)-repeat
points (or up-repeat points), then in a generic extension NS38 s precipi-
tous (or presaturated) over a measurable k.
(2) If there exists an (w,&™ + 1)-repeat point (or an up-repeat point) with a
weak repeat point above it, then in a generic extension NS, is precipitous

(or presaturated) over a measurable k.

Proof: We deal with a precipitousness case. The presaturation case is similar,
only the forcing of section 4 should be used.

(1) Let a be an (w, k*)-repeat point for F over x . The hypothesis is
equivalent to the assertion that there is an (w, x1)-repeat point such that F(x, a+
kT) exists. (Note that it need not exist for an arbitrary (w,x¥)-repeat point.)
Assume that & is the least 6 so that OF (6) =8 +6+1 for an (w, §%)-repeat point
8. Let A = {6 < k| there exists an (w,é%)-repeat point §' < o* (6) so that
Of(é) =§'+6%}. Then A € F(x,a+ ). Define the iterated forcing notion as
follows. At every stage 6 € (k + 1) — A use the forcing defined in section 3. For
§ € A, use the forcing of section 3 for making NS; precipitous (i.e., the forcing
used there over « itself). Such iteration preserves the cardinals since each forcing
used on stage 6 for § € A is embeddible into Prikry type forcing notion. We refer
to [G6] for this matter. In the final model F(k,a + k¥) extends to a normal
ultrafilter, since the forcing which should be used over « in the ultrapower by
F(k,a+ kt) is the same as those used over « in V.

(2) Assume that « is picked minimal carrying a weak repeat point above an
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(w, &t + 1)-repeat point. Denote the (w, k™ + 1) repeat point by « and a weak
repeat point above it by 8.

Define the iterated forcing notion as follows. For § < & without (w, 8% +1)-
repeat point use the forcing of section 3. If § < x has an (w, §*+1)-repeat point &',
then use the forcing for shooting clubs of section 3 for the filter {F(6,7) | §' <
¥ < 0% (6)} which clearly is contained in the filter (\{F(6,7) | & < v < 6 + 6+}
used in section 3.

The measure F(k, ) extends in such generic extension since the filters
M F(k,7) | @ <+ < B} and N{F(k,7) | @ < v < B} are the same, and so the
forcing used over k in V is the forcing which should be used in the ultrapower
by F(x, ). 1

Remarks:

1. The question whether NS, can be precipitous over a measurable was raised
by Baumgartner-Taylor-Wagon [B-T-W]. Models with NS, precipitous
over a measurable were contracted first by Foreman-Magidor-Shelah [F-M-
S] from a super-strong above supercompact and later from a supercompact
alone in [G6].

2. It is possible to do the above constructions over a supercompact. Thus the
strength of “NS, is precipitous over a kt-supercompact cardinal £” can be

reduced to k*-supercompact alone.

6. Some open problems

1. Is the existence of (w, < k) or (w, k) repeat point sufficient for a model with
NSﬁ“ or NS, precipitous for an inaccessible x?

2. Does the precipitousness of NS, over k > Rz imply an (w, A + 1) repeat
point where k = At?

3. Does the saturatedness of NSX° over an inaccessible « imply 3a0(a) = at+
in an inner model?

4. Is it consistent “NS, saturated over an inaccessible ”?

5. Is it consistent “NS° saturated over an inaccessible x”?

6. Is “NS, precipitous and after the forcing with it x remains uncountable”
weaker than up-repeat point?

7. Is it consistent “NS, (or NSX?) is densely saturated”?
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